LINE INTEGRALS AND

Chapter 7 GREEN’S THEOREM

The basic idea of analysis is the suitable approximation of complicated
functions by simpler ones, such as linear functions. Thus a differentiable
function will be one that is, near every point in its domain of definition,
approximable by a linear function. It is our purpose to discover what
knowledge about the function is deducible from knowledge of this approxi-
mation, called its differential. Two hundred years ago it might have been
said that the differential expresses the infinitesimal, or instantaneous behavior
of the function and the total behavior is the sum of its infinitesimal parts.
Nowadays, it is generally conceded that such an assertion is nonsense;
nevertheless it serves to describe the mood of the analyst as he begins his
investigations.

Up until now we have been mainly concerned with one-dimensional
calculus; although some of the applications have led us into the plane and
space, our techniques have been mainly one dimensional. In the present
chapter we turn to two dimensions, and in the next chapter we shall deal with
the calculus of three dimensions. Each dimension has its own flavor. In
one dimension, the order of the real numbers plays an important role; in two,
we have the influence of complex numbers; and in three, we discover the
vector product. However, there is also much that is the same in all these
dimensions, and for these common concepts there is much to be gained from
a unified treatment. Thus we begin the present chapter with a study of
differentiable R™-valued functions of » variables. We will be interested in
mappings from R! to R?, R® to R?, and so on, but the concept of differenti-
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526 7 Line Integrals and Green’s Theorem

ability is the same in all cases and it is important for us to take cognizance
of that fact. An R™-valued function f defined in a neighborhood of a point
p in R" will be said to be differentiable at p if it can be suitably approximated
near p by a linear transformation of R” to R™. This definition will make
precise our usage up to now of the word differentiable. The transformation,
whose existence is required, is called the differential of f and is denoted
df(p). We shall see that a differentiable R™-valued function is an m-tuple
of differentiable real-valued functions. We have already studied such
functions in R2, where we showed that if a function f has continuous first
partial derivatives near p, then it is differentiable there, and the differential
is given by

n af ;
df(p) =3, ~= (@) dx'(p)
i=10X
where x!, ..., x" are the rectangular coordinate functions of R".

We have studied, in Chapter 1, some examples of coordinate systems for
R? and R3®. We shall want, in the subsequent chapters, to consider more
general kinds of coordinates. A coordinate system near a point p in R"
arises in this way: if F is a continuously differentiable R"-valued function
defined near p, and the differential JF(p) is a nonsingular linear transforma-
tion, then the functions

yl=FYx), ..., )" = F'(x)

are coordinates in a neighborhood of p. That is, the values of y?,..., )"
serve to identify all points near p. This fact, that the nonsingularity of the
differential implies that of the mapping, is called the inverse mapping theorem.
It asserts that the mapping F has an inverse near p when its differential at
p does.

Suppose that fis a differentiable real-valued function defined in a domain
D. Then its differential associates to each point in D a linear function on R".
Any rule which does this is called a differential form. An important question
which we shall study in this: just when is a differential form the differential of a
Junction? In one variable, this question is easily answered. For if fis a
differentiable function of a real variable, its differential is given by

f'(x) dx

Any continuous differential form in one variable is of the form g(x) dx. We
know from the fundamental theorem of calculus that if G is an indefinite
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integral of g:
G(x) = | g( dt

then G is differentiable and dG = g dx. Thus the answer to our question
in one variable is always. The situation in several variables is not so easy.
But the extension of the idea of integration to differential forms provides
us with a tool for answering this question, and a several variable analog of
the fundamental theorem (Green’s theorem in R?).

Green’s theorem provides us with a tool to extensively study complex
differentiable functions. This is the Cauchy integral formula which gives a
means for determining such a function at interior points of a domain by its
boundary values. It follows easily from this formula (a generalization of the
formula given in Section 6.7) that a complex differentiable function must be
analytic: expressible as a convergent power series. In fact, the entire behavior
of such functions can be read off from the integral formula; this is the basis
of the Cauchy theory of complex variables. We shall only begin this study.

7.1 The Differential

In Chapter 2 we studied differentiation of real-valued functions of many
variables, differentiating with respect to one variable at a time. This gave
us the concept of partial derivatives which generalized to the direction
derivatives df(p, v) of a function f at a point p and in a direction v. ~Accord-
ing to Proposition 20 of Chapter 2 if the partial derivatives are continuous ina
neighborhood of p, then the directional derivative df (p, v) varies linearly inv.
This linear function we called the differential of fat p. Now we shall give
a more precise definition of this notion, in a style more like the definition of
the derivative of an R™valued function of a real variable (see Proposition 5
of Chapter 3).

Definition 1. Let p € R”, and suppose f is an R™-valued function defined
on a neighborhood of p. We say that f is differentiable at p if there is a
linear transformation 7: R* — R™ and a nonnegative real-valued function &

of a real variable such that lim ¢(f) = 0 and
t—0

If(p + v) — (@) — TMI < e(lIviDliv] (7.1)

when |v|| is sufficiently small.
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If such a linear transformation exists it is called the differential of f at p
and is denoted by df(p).

Notice that there can be at most one linear transformation T satisfying
these requirements. For suppose also S: R” — R™ satisfies (7.1). Then

IS(h) — T(h)|| < 2e([(b])[h]|
for sufficiently small h. Let h = fv and take the limit as t — 0,
I1S(tv) = Tl = [t] | S(v) — T(W)|| < 2e(@)[t] I v]]

thus [|S(v) — T(v)|| < 2&(t)|v|| for all small ¢t. Letting t— 0, we obtain
S(v)=T(v). ThusS=T.

Examples

1. f(x, y) = xy* is differentiable in the plane, Let (x,, y,) € R?
and let (4, k) be any vector. Then

SCeo +h, yo + k)= (x0 + W)Yo + k) = x0 yo* + yo?h + 2yo bk
+ 2x0 yo k

= Xo ¥o© + Yo’h + 2xo Yok + 2yo bk + xo k% + hi?
Thus

fxo 4 A, yo + k) — f(x0, yo) — 0o’k + 2x0 yo k) =
2y hk + xok* + hi?

This in norm is dominated by

2yol lhk| + |xol 1k|* + |A] [k|?
< 20yol(h* + K?) + |xol(h* + k) + |hI(h* + k?)
< 1, ILIG, D)Iyol + 1x0]) + (A, K]
since [[(h, k)| = (h? + k*)!/2,

Thus xy? is differentiable and has the differential at (x,, y,):

(h, k)= yo*h + 2x yo k
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This means that for small values of (h, k), the difference
(%0 + B)(yo + k)* — x030°
is effectively approximable by
Voih + 2xo yo k

The meaning of “effective ” is that the error in this approximation is
of the order of ¢||(#, k)|, where ¢ can be made as small as we please, by
choosing the neighborhood of (x,, y,) small enough.

2. More generally, Proposition 20 of Chapter 2 suggests that
a real-valued function with continuous partial derivatives near
po is differentiable there. This means that for small values of v,
f(po + V) — f(py) is effectively approximable by <(Vf(py), v) =
o df]ox'(po)v'). Let us complete Proposition 20 of Chapter 2 to
a verification of this fact (at least in R?). By the mean value theorem
we may write, for p = (xq, yo), v=(h, k):

0
1o+t — @) =L &, v+ a—ﬁ (xo + th, no)k

where |Eq — X0l < A, [7g — Yol < k. Then

0 3]
10+ m - 50 - Lo+ L ok

‘[af( 1>——(p)]h+[ o) - Lw] ‘ (1.2)

where p,, p, are at least as close to p as p+v. By Schwarz’s in-
quality (7.2) is dominated by

|G- 5

_of ’
Lo 2w y(p)) vl

and the first term is dominated by

ZLan-2 Lo H

(V) = max{ (%é (p0) — (p)

all p;, p, in the ball B(p, vl

which tends to zero |v| = 0.
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3. Error analysis. The differential of a function gives us approxi-
mately the difference between two values of a function in terms of the
difference between the variables:

J(x) = f(x0) = {V/f(%0), X — X0 + error (7.3)

where the error is negligible if the difference is small. Considered this
way, the differential may be used to compute tolerance levels for
errors in measurement. For example, we can compute the maximal
error in the volume of a rectangular box, given certain tolerances in
the measurements of the sides. Suppose the sides can be measured
within an error of 29,. The function we are concerned with is
Sf(x, y,2) =xyz and Vf=(yz, xz, xy). The error in the measure-
ment of a volume will be, according to (7.3), approximately equal to

{(yz, xz, xy), 0.02(x, y, z)> = 3[0.02(xyz)]

Thus, the percentage error is

S = £Gro) _ | 0.06x2)

100
f(xo) xyz

=6 %
Thus an error is magnified threefold.

4. Let f(x, y, z) = x(cos y)e***. Given error tolerances of 2%,
1%, 5% in the measurements of x, y, z, respectively, what error is
possible in the computation of f?

Here

Vf = ((cos y)e***(1 + x), — x(sin y)e**Z, x(cos y)e**?)

The ratio of the increment in f to the computed value of f is
approximately

Vf(x,y, z),(0.02x, 0.02y, 0.02z)
f(x, ¥, 2)
=(1 + x)(0.02) + y(tan y)(0.01) + (0.05)z

Here we see that the error in the computed value of £ depends on
the magnitude of the variables. If y is close to x/2, the error is very
bad. The maximum percent error for values of x,y, z in these
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ranges: |x| < I, |yl <7/4, |z]| < 1,is
T Y
2(2)+Z(1)+5(1)_9+Z

which is less than 10.

5. A linear transformation is differentiable at every point. Let
T: R"— R™ be a given linear transformation, and let pe R". Since

T(p +v) — T(p) = T(V)

we have | T(p + v) — T(p) — T(v)| =0, so the estimate required by
the definition is precise. Furthermore,forany pe R", dT(p) = T.

In particular, the coordinate functions x', ..., x" are differentiable and
dx‘(p, v) = v' for any p, v. Since dx' is independent of the base point we
shall often omit it. Notice, that dx!, ..., dx" form a basis for the space of
linear functions on R", so the differential of any function will be a linear
combination of these differentials. In particular, if f is differentiable at p,
we have

_y of
df(p) = Z o P dx' (7.4)

We have just shown that in two dimensions, but it is easier to directly compare
Definition 1 of this chapter and Definition 14 of Chapter 2 (cf. Problem 1)
to obtain

D — 3]
a@E) =1im § PR _ T )

t

The verification of the following proposition concerning the behavior of
the differential under algebraic operations are easily performed.

Proposition 1.
(i) Suppose that f,g are differentiable R™-valued functions at p. Then

f + g and {f, g) are also differentiable and

d(f + g)(p) = df(p) + dg(p)
d (£, g>(p) = <di(p), g(p)> + <f(p), df(p)>
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(i) Suppose f=(f*, ..., f™) is an R™-valued function defined in a neighbor-
hood of p. fis differentiable at p if and only if f1, ..., f™ are. In this case we
have

df(p) = (df'(®), .., d"(P))
Proof. We shall only verify the differentiability of <f, g>; the other assertions

are clear. By the hypothesis of (i) there are functions ¢, 7 of a real variable such
that lim &(t) =1im (¢) =0 as ¢t —0, and linear transformations R, S such that

(@ + v) — £(p) — R < e(llvil) [Iv]] (7.5)
ligte + v) — g@) — SMII < n(liviD vl (7.6)
Let A(x) = <f(x), g(x)>. Then
h(p + v) — h(p) = <E(p + V), g(p + v)> — £(p), g(p)>
=<f(p+v)—1(p), g+ v
+ <f(p), glp +v) — g@)> 7.7
If we replace the first term by R(v) we commit an error of e(|iv|) |Iv]l /lg(p + v)|l and
if we replace the last term by S(v) we commit an error of n(|iv|]) llv| [£(p)I. These

are admissible errors, so we shall bravely proceed with these replacements. From
(7.7), we obtain

|A(p + v) — h(p) — (KR(v), g(p)> + <E(p), SK¥V)))]
< Kf@+v) —f(p) — R), gp + vV)>| + [<R(¥V), g+ v) — g (@)
+ [KE (D), g + v) — g(@) — S()>|
< e(livlD) vl llgl + )11+ RIS+ 7l v
+ IE@) I(ivI) vl

If we take M larger than the maximum value of |ig(p + v)||, and also larger than
[|IR]| and ||.S ||, this is dominated by

[Me(livID + M2 vl + M iviig(liviD + €@ aC0vID] vl

which is of the desired form.

Examples

6. f(x,y)=e*cos y + y*.
df(x, y) = (e*cos y + y*log y) dx + (—€"sin y + xy* ") dy

7. f(x,y,2)=xyz,df(x, y, z) = yzdx + xz dy + xy dz.
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s S = (5 %)(3),
df(x,y,z) = (g ZZZ)(Z;) + (%z ziij Z)(i)

e EXERCISES

1. Find the differential of these functions:

(a)
(b)
©
(d)
(e)
()
(g)

¥ €Os x + sin zx.
cos(e**”) 4 cos(xe’).
exp<x, a).
{x, exp<{x, a> ).
x2+4y? + zx.
(x — y)e=t.

?:1 x’.
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2. For each of the following functions, in how large an interval about the
origin may we estimate f(v) — f(0) by <Vf(0), v> incurring an error of at
most 1073 |lv}|?

(@ xy (d) sin(x+2y)
(b) e+ () x+e¥
(¢) sinx+cosy ) exp(x?+ y?)

3. In how large a disk about the point p 7 0 can we estimate the polar
coordinates of nearby points p+ v by a linear function, with an error of
at most 1073 ||v||?

o PROBLEMS

1. Suppose that f is a differentiable real-valued function defined in a
neighborhood of p in R". Using the definition, verify that

df(p)(E,) = lim

fe+E)—f) o

; o ()]

and conclude that

df (p) =‘Z

=1

(2o

oxt

2. Let M(x), N(x) be n x n matrix valued functions of the variable x. 1If
M, N are differentiable at p, so is MN. Show that d(MN)(p) =

dM(p)N + M dN(p).
3. If £(z) = det(exp(M¢)), show that £(0) = #rM.
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4. A quantity Q varies with x, y, z according to

ex

Tz
Suppose that x, y, z can be measured to within an error of 1%, 1/2%, 3%,
respectively. What will be the corresponding maximal error in Q at
corresponding values? At(@a)x=0,y=2,z=5;,b)x=2,y=1,z=3,in
particular ?

7.2 Coordinate Changes

In Chapter 1 we introduced some systems of coordinates in R", and we saw
that for certain problems a change of coordinates made the problem under-
standable and solvable. Later on we saw, in the study of systems of linear
differential equations, that it was convenient, where possible, to switch to
coordinates relative to a basis of eigenvectors. In the geometric study of
surfaces, and in many physical problems it is advantageous to admit very
general coordinate changes. We now introduce a general notion of
coordinates.

Definition 2. Let U be a domain in R". A system of coordinates is an
n-tuple of continuously differentiable functions y = (y', ..., y") defined on
U such that

(i) if p # q, then y(p) # y(q),
@) dy*(p), ..., dy"(p) are independent at all p e U.

The first condition states that any point is uniquely determined by the
value of y at that point. In this sense y*, ..., y" are coordinates. We can
name points in U by means of the functions y!, ..., y". Further, if fis a
function defined on U, we can describe it as a function of the coordinates
y!, ..., y". The second condition asserts that the differentials dy!, ..., dy"
span the space of linear functions. Thus we can express the differential of a
function as a linear combination of these differentials; it should be no
surprise that (7.4) is valid in any coordinate system.

Proposition 2. Suppose that y, ..., y" are coordinates in a neighborhood
of p. If fis a differentiable function defined in a neighborhood of p, then

4@ =¥, j—ﬁ(p) 4y(p)
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Proof. Letx',..., x"bethe coordinates of R"relative to the standard basis. We
know that
n f .
df(p) = Z e (p) dx
Now we can express the standard coordinates as differentiable functions of the new
coordinates y', ..., y": x' =x'(y',...,y",i=1, ..., n, and f can be expressed as a
function of y?, ..., y" by composition:

f@ =G, ..., x((@)

Let us assume that p is the origin relative to both x and y coordinates. Now
af/@y' is the derivative of f with respect to y*, holding the other variables y/, j #
constant. In other words, 8f/dy'(p) is the derivative of f at p along the curve
»=0,j+#i. We can parametrize this curve by

x _g‘(t)—x( 105t,03""0)
x"=g"(t)=x"0,...,0,40,...,0)

for ¢ near 0. Now by Proposition 3 of Chapter 3, we have

P d nof dg*
L O=5 160, 0o =5, ZOF 0
But dg*/dt(0) = ox*/ay'(0). Thus
f of  oxt
S ®=5 070 (7.8)

As the x' are differentiable functions of y; dx' = > (9x'/8y!) dy’ and we conclude
that

3 of
df(p)=za—£(p)dX’—Z f(P) » dyl = Zg;idyj

Examples
9. Polar coordinates: the change of coordinates

x=rcosf y=rsinf
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is valid in any disk not containing the origin. We have
dx =cos @ dr — rsin6db, dy =sin 8 dr + r cos 6 do

SO

Ox ox ) oy oy
5—;—0050 %——rsme E-sm@ a—e_rcose

If fis any differentiable function,

af_ of . 0f
5—00306x+s1n06y

—=r| —sin 6 == + cos

o= (-0 v eosa ]

10. Spherical coordinates:

x=rcosfcos ¢ y=rsin 6 cos ¢ z=rsin ¢
dx=cos€cos¢dr—rsin000s¢d0——rcos@sin¢>d¢
dy=sin@cos¢dr+rcos€cos¢d0—rsinBsin¢>d¢>
dz = sin ¢ dr + r cos ¢ dp

If fis differentiable,

of _ofox ofdy of o
ar ox or oy or ' ozor

=cos€cos¢%+sinl00050%+sin¢z—£
af_afa_x+afay+g%
30 0x 00 oy a6 ' 9z 30
=r(—sinecos¢2—£+cosecos¢%)
af_afax+afay+ga_z
op 0xd0¢ ' dydp = 0z0¢
af f
F)

0
=r(—cos OSind)%—sin Osin¢—y+cos¢5)



7.2 Coordinate Changes 537

11. Let f(x, y, z) = e*yz. Find df/or, 8f100:

0
Ef; = (cos 0 cos ¢p)e*yz + (sin 8 cos P)e*z + (sin ¢)e*y

= r exp(r cos 8 cos ¢)(r sin 6 cos 0 cos® ¢ sin ¢

+ 2sin 0 cos ¢ sin ¢)

Z_éJ; = r[(—sin 6 cos ¢)e*yz + (cos 8 cos ¢)e*z]

= r? exp(r cos 0 cos ¢)[ —r sin? 6 cos? ¢ sin ¢ + cos 0 cos ¢ sin ¢]

12. Find 8f/dx if f(r, 6, ¢) = ¢? in spherical coordinates. In order
to solve this we have to write fexplicitly as a function of the rectangular
coordinates. Since ¢ = arc sin(z/r),

g=2 a¢ . z

— =2arcsin —————————
ox ¢ ox (x* + y* + )2

X % (arc sin (>€2+)’2—__Z+T)”2)
The Jacobian
In general, if
y=r (x yeees X"

y* =f"(x,...,x")

is a change of coordinates, we shall write this as y = F(x). The differential
dF(x,) is a nonsingular linear transformation on R". The matrix relative
to x coordinates representing this transformation is referred to as the Jacobian
of the mapping and denoted (when it is of value to make the coordinates
explicit) by

oy, ..., ¥ (@

= (2 i=1,...,
a(xt, ..., x" 6x’) hJ "

According to Proposition 2

6y dx*
L x* 6y

M:
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which is just the entry by entry form of the equation

0, L et L X7
Ak, .., XD O0Y, L")

Thus the matrices are inverse to each other as are the corresponding

differentials:
dF~}(yo) = [dF(xo)]™"  if yo = F(Xo)
Example
13. Let

u=x+é€'

v=XxCOS8Yy

be a coordinate change in a domain in R2. Then

0(u,v)_( 1 ¢ )

d(x,y) \cosy —xsin y
a(x,y) —1 (—xsiny —ey)
d(u,v) e’cosy+xsiny\ —cosy 1

If f(u, v) = u® + v?, then

of _af u of ov
dx Oudx  vox

If g(x, y) = x* + y?, then

dg 0g ox 8g6y_2 x2sin y + ye’

u  0x ou 5;0_14— &’ cosy+ xsiny

—=2u+2vcos y =2(x + & + x cos? y)

These observations form special cases of the multivariable chain rule. We

have already seen (Propositions 3.2, 3.3) other special cases.

The general

situation is this: the differential of a composed function (see Figure 7.1) is the

composition of the differentials:

d(g - £)(p) = dg(f(p)) - df(p)

(1.9)
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Figure 7.1
In coordinates this is easy to compute by linear algebra. Let x!,..., x"
be coordinatesin R”, y!, ..., y®in R™and z!, ..., zPin R”. Then fand g are
given in coordinates by
f:y'=7fx",..., ¥ 1<i<m
g:z =g, ...,y 1<i<p
Leth=gof Then his given by the p-tuple of functions
Z=hi X =gl LX), LX)

(7.9) is the same as all these equations

6h

m k
b aia(p))a—xi(p) t<j<p Isi<n  (7.10)
This is true since dg(f(p)), df(p) are represented by the matrices
o i i i
(Zow). (o)
y

respectively. We can rewrite (7.9) and (7.10) again in matrix form. The
Jacobian of a product is the product of the Jacobians, and (7.9), (7.10)
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become
iz, ..., 2% oz, ...,z oUt, ..., Y™
A2, 2 )N fi
et el e i)

Here is the proof of the chain rule.

Theorem 7.1. (The Chain Rule) Let p be apoint in R". Suppose f is a
differentiable R™-valued function defined in a neighborhood of p, and g is a
differentiable RP-valued function defined in a neighborhood of f(p). Then
h = g o f is differentiable at p and dh(p) = dg(f(p)) - df(p).

Proof. Let T=dg(f(p)), and S =df(p). We must show that
lh(p + v) — h(@) — T o SM){| < &(v) |Iv]} (7.11)

where lim e(v) =0. Let
vl -0

) =f(+v)—f(p)— SV (7.12)
Y(w) =g+ w) — g () — T(wW) (7.13)

Then, since f, g are differentiable,
WM <3 vl (W)l < 7(w) [iwll

where 8(v) -0 as [v||—0 and n(v) =0 as [lw|| —0. Now, we verify (7.11) by com-
putation:

h(p + v) — h(p) = g(f(p + v)) — g(f(p))
=g @)+ TEP+v)— 1)+ $EP+ v)— @) — 2f®)

(by taking w =1f(p + v) — f(p) in (7.13)). Now using (7.12) we can continue:

=T(S() + &) + (S() + $(v)
=T 8() + T(¢W) + Y(SV) + $(v)

since T is linear. Thus

TP+ IB(SKH) + S
vl

h(p 4+ v) — h(p) — T = SM|I < (vl
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Now we must show that

T
€)= IT (b)) + |l¢(S(v)+¢(v))[|_)0

fivl] livil

as |lvil—0. As for the first term

1T (W)l < IT 1l 1MW)l

vl = vl

< ITH8(v)

which tends to zero as v —0, so that is alright. The second term is

(SO + WDl 9(SH) + dW) ISV + SV ||

[iv - [Ivi]

< (S + SIS I + 8(v))

As v->0, so does S(v) + &(v) =0, and also 5(S(v) + &(v)) = 0. The final paren-
thesis is bounded so the whole term tends to zero. We are through.

Finally, we wish to give a sufficient condition that an n-tuple of functions
Y =f1(x), ..., y" = f"(x) gives a coordinate system in a domain D in R".
If y',..., y" are coordinates, then we can invert these equations, that is,
since the y’s suffice to determine points in D, we can compute the x coordin-
ates in terms of y', ..., y". Thus there are functions x! = gl(y),..., x" =
g"(y) such that

x =g(y) ifand onlyif y=gx)

in the domain D. Now the second condition defining a coordinate system
is that the differentials df?, ..., df" are independent. The inverse mapping
theorem asserts that if this second condition is valid at a point, then the first
must hold in a neighborhood of that point. Thus the independence of the
vectors df'(p), ..., df"(p) are enough to guarantee that y',...,)" are
coordinates near p.

Theorem 7.2. (Inverse Function Theorem) Let F be a continuously different-
iable R"-valued function defined in a neighborhood of po in R". Let g4 = F(p,).
If the differential dF(p,) is nonsingular, then there is a neighborhood U of q
and a continuously differentiable mapping G defined on U such that G(q,) = p,
and for each q in U

Fip)=q ifandonlyif p=G(q)
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Proof. Let us, for simplicity of notation, assume that p, =qo =0. We have to
show that if q is small enough the equation

Fp)—q=0

has a unique solution p in a neighborhood of 0. This suggests Newton’s method
for finding roots. The linear approximation to the mapping p—F(p) —q at a
point p; is given in terms of the differential:

p—>F(p.) — q + dF(p.)(p — p1) (7.14)

If p: is near enough to 0, dF(p,) is nonsingular, so we can find a root of (7.14),
namely,

p=p: — dF(p.) ' [F(p,) — q] (7.15)
Now we consider the transformation 7, defined in a neighborhood of 0 by

T,(p) =p — dF(0)~’[F(p) — q] (7.16)
[For simplicity we have replaced dF(p,) in (7.15) by dF(0).] It is shown below, in
Lemma 3 that for q sufficiently small, 7} is a contraction in a neighborhood of 0.
Thus, for each q near 0, 7, has a unique fixed point, which we denote G(q). Clearly,
F(p) = q if and only if p is the fixed point of T, that is, if and only if p = G(q). It

remains only to verify that G is differentiable.
Let qo be a point near 0, and po = G(qo). Let T=dF(p,). Then, by definition

F(p) — F(po) = T(p — po) + b(p — po) (7.17)

where [|d(p — po)ll < e&(p —po) iIp — poil and &(r) >0 as +—0. Let p=G(q).
Then (7.17) becomes

q4— go = T(G(q) — G(qo)) + (G(q) — G(q0))
Since T is invertible this can be rewritten as
G(q) — G(qo) =T ~*(q — qo) + T 'd(G(q) — G(qo)) (7.18)

If we can successfully study the behavior of the last term we will have verified the
differentiability of G at qo, with

dG(qo) = T‘—1 = dF(po)_1
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But (7.18) gives us

1G(@ — G@) I < IT ]I g — goll + 1T~ 1|e(G(q) — G(qo)) IG(a) — G(qo) ||
(7.19)

Since G is continuous (by Problem 10), we may choose q so close to qo that the last
term is dominated by 1/2 |G(qQ) — G(qo)|. Then (7.19) is the same as

IG(g) — G(go) | <2 1T~ Il|q — goll
and (7.18) produces this inequality which guarantees differentiability

G(q) — G(go) — T~(a — q0) || < [1$(G(q) — G(qo)) |
< &(G(q) — G(qo)) IG(@) — G(ao) |l
<217 e(Ga) — G(qo)) [lg — qoll

and certainly lim 2 |T-*| e(G(q) — G(qo)) =0.

q9~90

Here is the lemma which guarantees that the T, are contractions for q
near enough to 0:

Lemma 1. Given the hypotheses of Theorem 7.2, there is a 6 > 0 such that
for q € B(0, 3), the map

T(p) = p — dF(0) " '(F(p) — @)
is a contraction on B(0, 0).
Proof. Let p, o’ be two points near 0 and consider the function
h(t) =p+ (@ —p) —dFO)'Fe+:@—p)—a 0<r<1
Then
T(p) — T(@) = h(1) — h(0) = f: W () dt (7.20)

W () =p —p — dF(0)' dF(p + t(p’ — p))® — P)
W () = [I — dF(0)~* dF(p + t(p" — PP’ — P) (7.21)

Now choose 8 < 0 so that

T — dF(0)~* dF(x){|< 1/2
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for {Ix{l < 3. Thenif p, p’ € B(0, 8), every p+ t(p’ — p) is in B(0, &), for 0 <t < 1,
so, using (7.10)

()1l < |T— dF(©)~* dF(p + @ — p)) Il IIp’ — pll
<t lp"—pll

Thus, by (7.9)

1t 1
IT@) — Tl <3 f o’ — pll dr < [ip’ — pll

so T is a contraction in B(0, d).
® EXERCISES

4. Compute the Jacobian

o, ..., u"
axt, ..., x")
for each of the following functions and determine those points (x!, cee, XT)
at which u?, ..., u" are coordinates:
(@ u=uxe (&) u=xt
v = ye* x*
y i z
®) w=x'+x*+x3 ..
u2 — xlxl + x2x3 + x3x1 n
ul =x1x2x3 ut= ;
€ u=x?r—y? ) w=hr)x
v =xy ves
u" = h(x)x"
d u=x*+y*4 22 h(x) #0 foralliand x
v=yx!
w=2zx""'

5. Express the differential of f(x) = >., (x")? in terms of the coordinates
u', ..., u" given in Exercise 4(e).
6. Express df in terms of the coordinates of Exercise 4(d), where
(@ f(x)=In(x*+ y* + 2%
b) f(x)=yz
© fO=x+y+z
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7. Compute the differential of
[(x—aP+(y =0+ (z— )"

in spherical coordinates in R?® — {(a, b, ¢)}.

8. What is the rate of change of the volume of a rectangular box with
respect to the area of its surface, assuming the length of one side and the
sum of the lengths of the other two sides is left fixed ?

e PROBLEMS

5. Let fbe a differentiable function defined on a domain D in R?. Show
that f is a function of x + y alone if and only if 9f/ox =2af/dy on D.
(Hint: Consider the change of coordinates u=x+y, v =x—y.)

6. Give a condition guaranteeing that a differentiable function of two
variables can be expressed as a function of xy.

7. Suppose that f, g are two differentiable functions on R? with Vg = 0.
Show that fis a function of g alone if and only if Vf, Vg are everywhere
collinear.

8. Show that for any twice differentiable function f defined on the plane,

f  af o { of *f
a—xﬁa—’a—r(’a)w

9. Show that for f(z) =z", n #0,

o2 2
B %
oxr ~ oy?

10. The proof of Theorem 7.2 is still incomplete: we must show that the
function G is continuous. There are two ways.
(a) Suppose q.—~q. Let q.=F(p.). Suppose that p.—p. Then
F(p) =1limF(p,) =limq,=4q. Applying G we have

lim G(g.) = lim p, = p = GF(p) = G(q)

Thus G is continuous, as desired. Why may we suppose that the sequence
{p.} converges?
(b) In this approach we reprove Theorem 7.2 so that the continuity
is automatic.
For a sufficiently small ¢ > 0, we consider the space C of continuous
functions 4 on {q € R": |iq|| < &} such that #(0) =0. Define T: C — C by

T(h)(q) =h(g) — dF(0)'[F(h(g)) — q]
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As in Lemma 3 show that T is a contraction (on the space C of con-
tinuous functions!). Thus 7 has a fixed point G. Clearly, F(G(q)) =q
as desired and the continuity of G is assured.

11. Suppose that fis a continuously differentiable function defined in a
neighborhood of 0 in R?, and f(0) = 0 and 9f/8z(0) # 0. Then the equation

fx,y,2)=0

implicitly defines z as a function of x and y. More precisely, there is a
function g defined for small enough x, y such that

f(x,y,2)=0 ifandonly if z=g(x,y)

near the origin. This can be proven as a corollary of Theorem 7.2 as
follows: applying Theorem 7.2 to the mapping

U=2Xx
v=y (7.22)
w=f(x,y,z)

We can find functions 4, k, g of (u, v, w) such that (7.22) holds if and only if

x = h(u, v, w)
y =k(u, v, w)
z=g(u, v, w)

Obviously, hi(u, v, w)=u, k(u,v,w)=v. It follows that when w=0,
z=g(u, v, 0) =g(x,y,0). This is the desired conclusion.

12. Here is a similar fact. The proof should be analogous to the argu-
ment for Problem 11. Suppose f, g are continuously differentiable near 0
in R® and that f(0) = g(0) =0 and

of o
Ew (0) Ee )

det #0

og  og
P 0) o 0)

Then, there are continuously differentiable functions #, k& defined for small
enough z such that

flx,y,2)=0=g(x,y,z) ifandonlyif x=h(z) y==k(z)
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7.3 Differential Forms

The differential of a real-valued function defined on a domain D in R"is a
function defined on D whose values are linear functions on R". A function
of this type is called a differential form, and a central issue in the calculus of
several variables is this: just when is a differentiable form the differential
of a function? This problem is resolved by the generalization of the funda-
mental theorem of calculus which takes the form in this chapter of Green’s
theorem. The one-variable fundamental theorem asserts that every differen-
tial form on an interval is the differential of a function. This is far from being
true in several variables.

For example, to say that Y a;dx' is the differential of a function f is to
assert that a; = df/dx'. Since

of of

ox'ox)  dx) ox'

alliandj (7.23)

we must have da;/0x’ = da;/0x’. This is not always the case. e*(dx + dy),
ydx — xdy are not differentials of functions because the coefficients do not
satisfy these conditions. We shall explore this situation at length in the
following two sections.

Definition 3. Let D be a domain in R". A differential form on D is a
function which associates to each point p in D a linear functional on R".

If fis a differentiable function on D, the df is a differential form on D.
In particular, if x,,..., x, is a coordinate system in R", dxy, ..., dx, are
differential forms on R". Furthermore, for any pe€ D, dx,(p), ..., dx,(p)
form a basis of the space of linear functionals on R”, so any such functional
is a linear combination of the dx,(p). Thus, the general differential form
on D is of the form )7, a/{p) dx;(p) where the a; are real-valued functions
on D.

Definition 4. Let o be a differential form on the domain D, and write
=Y a;dx; relative to the standard coordinates of R". We shall say that
o is a k-times (continuously) differentiable differential form on D (w € CHD))
if the functions a;, ..., a, are all k-times (continuously) differentiable.

Suppose now that uy, ..., u, are differentiable functions in D < R" and
that du,(p), ..., du,(p) are independent at some pe R". Such an n-tuple of
function forms a coordinate system near p: the mapping u= (u, ..., ,)
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maps a neighborhood D of p onto a domain D’ in one-to-one fashion.
Furthermore, du,(p), ..., du,(p) forms a basis for (R")*, so any differential
form can be written as ) «; du;. We can compute the relation between the
a; and the a; by the chain rule: since du’ =) du'/dx’ dx’, we have

a;=Y o = (7.24)

Thus differential forms transform under a coordinate change as the differ-
ential of a function (compare Equations (7.4) and (7.23)). Now the equality
of mixed partials of a twice differentiable function gives a necessary condition
for a differential form to be the differential of a function.

Proposition 3. Let w be a continuously differentiable differential form in a
domain D. Suppose u',...,u" is any coordinate system for D. If w=
Y a, du' is the differential of a function we must have

da; Oa;

=" 1<ij< 7.25
ol = ow  LShIsn (7.33)

Proof. 1f w =df, then a, = &f/ou’. Then
éa, 8 [of 8 (of\ out
o~ ow\ow)  ou \ow] T 2a,
Closed and Exact Forms

We shall say that a differential form is exact in a domain D if it is the
differential of a function, and closed if Equations (7.25) hold. Tt is easily
verified that if these equations hold in any coordinate system, then they hold
in all coordinate systems (see Problem 13); so it is not too difficult to verify
that a form is closed.

In the plane a form has the expression w = p dx + q dy with respect to
the rectangle coordinates. In this case there is only one nontrivial equation in
(7.25), namely,

dq dp
2_X_o .
%" 3 (7.26)

We shall refer to this function as dw | that is, if

aq ap
= + do = — — =
w=pdx+qdy (4] )
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Thus, a differential form on a plane is closed if dw = 0 and is exact if w = df.

Examples

14, w=xdx+ydy,do=1—-1=0. Infact, w=d(x*+ y?)/2.

15. w=yde+xdy, do=1—1=0. Here w is also exact,
since w = d(xy).

16. w=ydx—xdy, do=-—-1—-1= =2, so w is not closed.
Notice however that v~ 2w is closed, since it is exact (except for y = 0,
where it is not defined), y 2w = d(x/y).

17. Integrating factors. let w=pdx + gdy be a differential
form given in a neighborhood of p,. The vector field (—g¢, p) can be
realized as the field of tangents to a family of curves, as we saw in
Chapter 4. Let this family be given implicitly by

F(x,y)=c¢

Thus, since F(x, y) is constant on these curves, its derivative along
the curve is zero; or what is the same

dF(X, y)(—'q(x’ y): p(x5 y)) =0

Since dF and w annihilate the same vectors at each point, they are
collinear. Thus there is a function A(x, y) such that

dF = lw
We conclude that for any differential form o there is a factor 4 such
that Aw is exact. This is true in two dimensions, and fails in higher

dimensions. A is called an integrating factor for w.

18. The polar coordinate 6 is not a well-defined function on the
domain R? — {0}, but its differential is:

—ydx+xdy

d0=d(arc tan X) = R
X xX“+y

Thus this form is closed, but not exact on the domain R* — {0}.
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We shall now verify that every closed form on R? — {0} is equal to an
exact form plus a constant multiple of d8. Thus the space of closed forms
on R? — {0} is larger than the space of exact forms by one dimension.
Suppose that w is a closed form in R?> —{0}. In polar coordinates

w(re'®) = a(re'®)dr + b(re*®)dd and since w is closed we have 8b/dr = 0a/o8.
It follows that

2n .
F(r) = f b(re'®) do
0
is a constant. For
2r 2n
dF 6b 40 = f da

2= — df = a(re*™) — a(re®) = a(r) — a(r) =

Let c¢(w) be that constant. Notice that ¢(df) = 2n. Further, if w = df,
then ¢{w) =0. For

d@)= [ bao= [ a0 = jee — sre) =

Conversely, if ¢(w) = 0, then w is the differential of a function defined on
— {0}. Let

- )
@, 0) = [ a(tydr + [ b(re®) dg (7.27)

Since ¢(w) = 0, f(r, 6 + 2n) = f(r, 6) for all r, 8, so we can define a function
F on R? — {0} by F(re'®) = f(r, 6). Differentiating (7.26), we have

% of _ ()+f (re'¢)d¢_a(r)+f —(re‘¢)d¢—a(re)
oF 0f 4
5?5:%—1)(“3)

Thus, dF = w.

Finally, if w is any closed form on R? — {0}, let 8 = w — c(w)df/2n.
Then

e(8) = c(w) — %27: =0
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so 0 is exact: 8 = dF. Thus

a)=dF+Lw)d9
2n

o EXERCISES

9. Which of the following forms are closed ?
() izlx' dx!
(b) xydz+ yzdx+ zx dy
©) xyz(dx+dy + dz)
(d) rdr+df
(e) r<dr+rdf
(f) rsinOdr+rcosf
(g) rsin¢dr+rcos ¢sinddf+ rsin ¢ dp
(h) d(xe*® cos(xyz))
(i) X1X3 dxs + X2 X3 dxs + X3 X4 dX1 4+ Xa X1 dx2
(J) X1 dX2+X3 dX4.+X5 dx6
(k) xi1dxz+ xzdxs+ x3dx:

10. Is the form (z — a)~* dz exact in C — {a}? Isits real part exact? Is
its imaginary part exact?
11. Find integrating factors for the following forms:

(a) x(dy+ dx) (d) xdy

(b) xy(dx+ dy) (e) etdx+edy

) —ydx+xdy (f) sinxdx+cosxdy
® PROBLEMS

13. Let (x', ..., x") and (u*, ..., u") be two coordinate systems valid in a
domain D in R". Let w be a differential form defined in D and write w in
terms of these coordinates as

n n
w= > adx= ) adu
i=1 {=1

Show that if

6a,- 8aj

'a——j=a—xi for all l,_]
X
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then
do; Oy .
a_uj = 3_u‘ for all L]

14. Let the hypotheses be the same as in Problem 13, but this time
suppose n =2. Show that

aal 802 adl 80:; 3([11, llz)
x> Ox1 \ou» Oy o(x1, X2)

15. Show that the space of closed forms on R? — {0, 1} is larger than the
space of exact forms by 2 dimensions. (Hint: Let 8, be the ordinary polar
angle, and let 8, (p) be the angle between the ray from 1 to p and the horizontal.
Then if w is closed in R? —{0, 1} there are constants a, b such that
w—adf, — b df, is exact.)

7.4 Work and Conservative Fields

Suppose we have a field of forces F given in a domain D in R": F(x) is the
force felt by a unit mass situated at the point x. In moving an object of mass
m along a certain path a certain amount of energy is expended; this is called
work. In this section we shall describe the computation of work.

Suppose first that a body of mass m moving in a straight line experiences
a force of magnitude F per unit mass operating in the direction opposite
the motion. Then, by definition the work required to move that body a
distance dis —F m - d. In a more complicated situation the force acts in
space in a fixed direction with a certain magnitude; thus the force is repre-
sented by a vector F. Suppose we want to move a body of mass m from a
point a to another point b. The work required for this movement will
depend only on the component of the force in the direction of motion and
will be given again by — F, - m - d, where F, is this component and d is the
distance between a and b. That is, if b — a = dE, where E is a unit vector,
then ¥, = (F, E) and the work is

—KF, Edmd= —m (F,b —2a)

Now, in general, the force is not necessarily constant, but varies with
position. The general situation is that of a force given by a vector field
(vector-valued function) F on R®. Suppose that for some perverse reason
we desire to move a given body from a to b along a particular path I, As
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is customary we try to adapt the above formula to this revised situation by
assuming that the force field varies little over small intervals (that is, F is
continuous) and that the path is very close to being a sequence of straight line
segments. Then, we get a reasonable approximation to the total work
involved by adding up the work required over each line segment assuming
the force is constant there. More precisely, then, we select a very large
number of points a =p,, p;, ..., p, =b numbered sequentially along the
path (see Figure 7.2). The work we seek is then approximated by

_m.;(F(p")’ P Pi-1 (7.28)

We define the work as the limit of all such sums as the maximum of the
distance between successive points tends to zero, and we expect that, as
usual, the calculus will make that computable.

And it does. Suppose given, for example, a field of force F given in a
domain Din R3;then F =(f,(x), f5(x), f5(x)) is an R*-valued function defined
on D. Suppose I' is an oriented curve in D, given by the parametrization
x = g(t) = (g,(1), g,(1), g3()), a <t <b. We shall now compute the work
done in moving a particle of mass m from g(a) to g(b). Let gla) =pg, ...,
p, = g(b) be a very large number of points situated along I. Referring to
the parametrization we can write po = g(t,), p; = g(1;), : .., p, = g(t,), with
a=1t,<t <---<t;=>b. Then the approximate work done is given by

Figure 7.2
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(7.28):
—my. CR(e(t), 8(t) ~ g(t-)) (1.29)

= —mi‘; Jig(tNla(t) — g:(ti- )] + f2(8(tNg-(1) — g2(1i-1)]

+ f3(8(t)g5(t) — g5(t:-4)]
By the mean value theorem, there are 0; ;, 6, ;, 05 ;such that
9/t = gi(ti-)) = 918, )t —ti-) i1 <0, <1

Thus the approximating sum (7.29) becomes

s 3
—m3 | 3 10)6,0]0- 1) (730)
which is a typical Riemann sum approximating
b 3
—m [ 3 ey dr
b
=—m f CR(D), g(0) dt (7.31)

In fact, as the ““very large number of points” on I" becomes infinite, the
sums (7.30) do tend to the integral (7.31), so we are justified in referring to
this as the work required to move the mass along . We are thus led to this
definition of work:

Definition 5. Let D be a domain in R” and F a force field defined in D;

that is, F is an R"-valued function on D. Let I'" be an oriented curve defined
in D. The work required to move a unit mass along I is

b
WL, F) = — [ CR(1), g(9) dt
where g: [a, b] — T is a parametrization of T.
Notice that since W(I, F) is the limit of a collection of sums defined

independently of any particular parametrization that W(T, F) is also inde-
pendent of the parametrization.
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Sometimes paths of motion have a break in direction (see Figure 7.3).
Such a curve is called a piecewise continnously differentiable curve, or a path
for short. More precisely, we make the following definition.

Definition 6. An oriented path is the image of an interval [a, 5] under a
continuous function f such that

(i) f is continuously differentiable with nonzero derivative at all but
finitely many points ¢, ..., t,.

(i) lim f'(¢) and lim f'(¢) exist (but are not necessarily equal) and are
t—t; t<t;

nonzero.

If f(a) = f(b) the path is said to be closed. If I' is an oriented path we can
write T =TI’y + -+ + I';,, where the T'; are the oriented curves between
the points t;,_, and t;. We define the work W(I', F) by

WL, F)=XW(;,F)
Examples

19. Let F(x, y) = (— y, x?) be a force field in R*>. The work done
by moving a unit mass around the unit circle is found this way. First,
we parametrize the circle:

T:x=(cost,sini) 0<t<2n

Figure 7.3
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Then

2%
W, F) = — fo {(~sin t, cos? 1), (~sin t, cos t)> di

2n
- f (—sin’t+cos® t)dt ==
0

20. For the same force field, find the work done around the bound-
ary of T of the rectangle [(0, 0), (1, 1)], traversed counterclockwise.
Here '=Ty + T, + I’y + I',, where
Tiix=(0) 0<tx<1
Iyix=(1, 9 0<t<1
I's:x=({1-1¢1) 0<txl
Tyix=(0,1-19 O0<t<l

Then
W(T, F) = { [[co.ma oy ar+ [ (. ) ar
+ [ =10 =), (-1, 0 dr
1
+ [ <= 2,0.0, -1 @
= —f1(0+1+1+0)dt=2
0

21. Let F(x, y, z) = (yz, xz, xy) and compute the work done along
one full loop of the helix

I':x=(cost,sint, i) 0<t<2n
2n

W, F)= — f {(tsint, tcos t,sin t cos t), (—sin t, cos t, 1)) dt
0

2n
= —f (—tsin® t + tcos® t +sin t cos t) dt = 0
0

22. Compute the work done in the presence of the same force field
along the curve x=1, y =0, 0<z<2n. Here I is given para-
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metrically by
'x=(,0,1 0<t<2n

Thus
W(T, F) = —f" {0, 1,0), 0,0, 1) dt = 0
0

Conservation of Energy

Now let us suppose we are given a field of forces on a domain D. Let I’
be a closed path in D. Under optimal conditions we would hope for no
loss of energy in moving a mass around I'.  'We shall call a field conservative
if this situation is the case; that is, the field F is conservative if W(I', F) =0
for every closed path I'.  Not every field is conservative, as Examples 19 and
20 show. In case F is a conservative field, then the work required to move
a unit mass from one point p, to another p; will be the same no matter what
path from p, to p, is followed. For suppose we take two such oriented paths
I, I". Then the path from p, to p, obtained by first traversing I" and then
— T (I'" oriented from p, to py) is a closed path. Thus W(I' - T, F)=0
since F is conservative. But W(I' — I'', F) = W(I'', F), so

W(T, F) = W(I", F)

Definition 7. Let F be a conservative field defined in the domain D. A
potential function for F is a real-valued function II defined on D such that,
for any path I from p to p’ we have

W(T, F) + II(p") — I1(p) (7.32)

is a constant.

I1 is sometimes called the potential energy of the force field F and the
constancy of (7.32) is just the assertion that a conservative force field obeys
the law of conservation of energy. We can relate the potential function of a
conservative field with the field, by its differential. We obtain this important
result:

Theorem 7.3. Suppose that D is a domain such that any two points can be
Jjoined by a path (we say D is pathwise connected).

(i) Every conservative field on D has a potential function.
(ii) Two potentials of the given field differ by a constant.
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(1ii) If the field F = (fi, ..., f,) has the potential function I1, then
dll = fy dx! 4+ + f, dx"

Proof. (i) Suppose that F =(fi,...,f,) is a conservative field defined on D.
Then if T and I'V are two oriented curves with the same end points, W(I', F) =
W(I’, F) since F is conservative. Fix p, € D. Since D is arcwise connected, if p
is any point of D thereis a curve I' from po to p. Define Il(p) = — W(T', F). II(p)
is a well-defined function of p since the work required does not depend on the
choice of . Now let p and p’ be two points in D, and let T" be a path from p to p".
If Ty is a curve from po to p, then T + T’y is a curve from po to p’, S0

—W(To, F)=1(p), — W( + L'y, F) = 11(p")
But W'+ T, F)=W{I, F)+ W@, F)=W(,F)—I(p). Thus —II(p') =
W(T, F) — Il(p), or W(T', F) + II(p") — II(p) =0, so (i) is proven.
(ii) If II” is another potential and I’y is a curve joining po to p then by the above
definition
II'(p) — II'(po) + W (T, F)
is a constant, say C. But W(T,, F) = —Ii(p), by definition, thus
II'(p) — 1I(p) = C + 1T"(po)
another constant. Thus two potentials for the field F indeed differ by a constant.

(iii) Finally, we prove that dII =7 fidx,. Let pe D. Fix i, and let ¢ be so

small that the ball B(p, €) = D. Let I', be the curve with this parametrization

g)=p+tE;, 0<t<e

Since II is a potential for F,
T+ ¢E) — () = — W (T, B) = | <F(g(0), g @) ar

Now g’(t) =E, and
<F(g(t)), g'(t)> =,E fip+ tE) <E;,E;> =fip +tE)

Thus

N+ ¢E) — 11w) = [ fito + 1E) e
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Thus
oIl i 1 e
7 ® =lim = [ 1o+ 1E) dr = 1(p)

and so the proof of the theorem is concluded.

® EXERCISES

12. Find the work required to move a unit mass around the given path
T in the presence of the given force field:

@ Fx,p»)=(y, x) T': unit circle

(d) Fx,»)=0%y—x?) I': boundary of the triangle with
vertices at (0, 0), (0, 2), (0, 1)

(© F(x,»)=(1,x Tiz@t)=exp(l + i)t fromt=0tor=1

d Fx, py,2)=(—y, x,2) T':x=(cost,sint, t)

(e) F(x,y)=1(x, xy) I': the portion of the parabola y = kx?
from (0, 0) to (a, ka?)

) F(x,y, 2)=(z, x% ) I': closed polygon with successive
vertices (0, 0, 0), (2, 0,0), (2, 3,0), (0,0, 1), (0,0, 0)
13. Which of these fields are conservative?

(a) F(x, y) =(cos x, cos y, sin x sin y)

(b) F(x, y) =(cos x cos y, —sin x sin y)

© F(x,p)=(x»)

(d) Fx,y,2)=(y,2 x)

(e) F(Xs Y, Z):(_y» X, 1)

) =G+ y)(x )

@ +yH 12—y, x)

o PROBLEMS

16. Let F(x, y) = (4A(x), B(»)). Show that W(I', F) =0 for any closed
path I
17. Find potential functions for these fields:
(a) F(X, Y Z) = _(0’ 0’ 1)
(b) F(x,y,z2)=—(x*+y*+2°)"Vx, 3, 2)
© Fx,y,2=(»x1)
(@ F(x,y,z2)=xydz+ yzdx+ zxdy
18. Let F be a force field in the domain D and T an oriented path in D
from po to p. Show that the work W(I', F) can be written as

fp IIF|icos 8 ds
Po

where s is arc length along Ty and 6 is the angle between F and the tangent
toI.
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19. Suppose the field F has the potential function II. The surfaces
IT = constant are called equipotential surfaces for the field F.
(a) What are the equipotential surfaces for a central force field ?
(b) What are the equipotentials for the fields of Exercise 13 which are
conservative ?
20. Show that if F is a conservative force field in R? the lines of force for
F are orthogonal to the equipotential curves for F.
21. If F is a vector field in a domain D in the plane, we define *F as the
field perpendicular and clockwise to F of the same magnitude. Verify this
relation between F and *F if

F@) = (4:1(p), 4:(p)), *F = (— 4:(D), 4:(p))

22. Suppose both F and *F are conservative fields with potentials II,
I1*, respectively.
(a) II is harmonic.
(b) IT 4 {II* satisfies the Cauchy—Riemann equations.
23. If f=u+ iv is a complex analytic function, u is the potential for a
field F such that *F is also conservative (and has potential function v).
24. A vector field F is called radial if it is central and its magnitude is a
function of the radius. Show that if F is a nonzero radial vector field it is
conservative, but *F is not.

7.5 Integration of Differential Forms

The study of work has led us to differentials of function via the obvious
relation between vector fields and differential forms. If F=(f,..., /)
is a vector field defined on a domain in R”, the differential form Y 7_, f; dx’
will be denoted (F, dx) (for obvious reasons). According to the results
of Section 7.4, the field F is conservative if and only if the form <{F, dx)
is exact. In this case <F, dx) = d(II), where Il is a potential function
for the field F.

On the other hand, if w is a form we can write w = (F, dx) for some vector
field F(if o =) a;dx, F=(ay, ..., a,). We can thus rely on the notion of
work to define the integral of w over a path I':

frw = fr<F, dx> = —W(T, F) (7.33)

Thus, if w =) a;dx' and T is parametrized explicitly by x' = xi(t) for
a<t<b,then

frw = f: S a “;—’f dt (1.34)
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The idea of defining the integral of a form in terms of work presents us
with a subtle inconsistency which we would like to avoid. The notion of a
differential form on R" involves the geometry of R" only insofar as it is a
vector space. In the conception of differential form, the inner product of
R" is irrelevant and no particular coordinatization of R" is selected over any
other. But the notion of work is deliberately expressed in terms of the
Euclidean structure of R"; it essentially involves lengths and angles. As
a result, with the definition (7.33) of integration, we can only compute the
integral by means of (7.34) in terms of rectangular coordinates for R".
Since the concept of differential form is free of a particular basis, we want
accessory concepts (such as integration) also to be free; in fact, we would
hope to compute | @ by means of (7.34) with respect to any coordinate
system as well as any parametrization of I'. This turns out to be the case,
and therein we begin to see the importance of the notion of invariance with
respect to coordinate choices.

Proposition 4. Let « be a differential form defined on a domain D in R"
and suppose w =Y. f;dx' = ¢, du’ with respect to two different coordinate
systems (x*, ..., x"), (u', ..., u"). Let T be a path in D parametrized in two
different ways by

xX*=x'(t) a<t<b
W=u(r) a<t<pB

Then
b d i B d i
. reon T de = [T g o (7.35)

Proof. We can write the x’s as functions of the «’s and ¢ as a function of 7.

xt=x'(u*, ..., u") in D
t=t(r) a<7<p

Now, according to (7.24)
n ox!
$uw) = 2 f(x) —ai, (w) (7.36)
J=1 {73

when x, u are coordinates for the same point.
Now, let us compute the integral on the left of (7.35) by the change of coordinates
t — 7, according to the calculus of one dimension.

[ nien & = [ 5 asteeon 5 5 dr = |3 pteen S ar
(7.37)
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But we can compute dx’/dr by the chain rule; x is a function of u which is a func-
tion of 7:

(7.37) becomes
A ox) dut s du'
[ 3 petey G ar = [ i) - e
by (7.36). The proof is concluded.

On the basis of that proposition we may now define the path integral
of a form.

Definition 8. (The Path Integral) Let I' be an oriented path in a domain
in which the form w is defined. If I = zis:l I',, where the I', are para-
metrized by x = g,(t), a; < t < b;, we define

fr‘“ i; f:w(gi(t), () dt

Notice, that if I" is parametrized with respect to arc length, then g’ is the
tangent and the integral may be written as

frco = frw(T) ds
Examples

23. Find {;r? df, where T is the boundary of the rectangle
—1<x<1, —-1<y<1. Now, in rectangular coordinates r? d6 =
—ydx+ xdy. Thus

frere
= f_ll—(—l) dx + f_ll(l) dy — f_ll—(l) dx—J._ll(_l) dy =38

24. Find [r (x* 4+ y* + z%)(dx + xy dy + dz) around the curve
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x* + y? =a% x* + y? 4+ z2 = b2, This can be parametrized by
x=acos y=asinf z=(b*—a?*)'"?

and thus has two branches. Thus
[ o2+ 97+ 2)(dx + xy dy + d2)
r
2n
= 2f (—asin 0 dO + a* cos® 8sin 8 d) =0
0

In case the curve I' is a closed path (a continuous image of a circle) it is
customary to write §r- to indicate that the integration is around a loop. We
now summarize what we know so far about the integration of differential
forms.

Theorem 7.4. Let w =Y a; dx' be a differentiable differential form defined
on a domain D in R".

() w is the differential of a function if and only if §r w = 0 for all closed
curves T'.

(i) o is the differential of a function if and only if the field (ay, ..., a,)
is conservative.

(iii) If w = df, then

ga; p)= %4y » alli,j allpeD (7.38)
0x; 0x;

When is a Closed Form Exact?

For certain domains, Equations (7.38) are sufficient to guarantee that the
form ¢ is the differential of a function; but this is not always true. For
example, let

—ydx+xdy

T R {00}

Certainly, o satisfies the required conditions (recall Example 5):

) =5 )
ax \x% + y?) oy \x* + y?
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If w were the differential of a function, then we would have [ @ = 0 for
every closed curve I.  However since @ = df (as remarked in Example 5),
fr@=2rif T is a circle centered at the origin. Notice that in some sense
w is the differential of a function, albeit not single valued. If we exclude
the line x = O (or the line y =0), in the remaining domain we can take a
principal value of 6 =tan™! y/x; but we cannot find a continuous single-
valued function on all of R? — {0, 0} whose differential is w.

Of course, in the above example in any small enough neighborhood of any
point in R? — {(0, 0)} we can write @ = df for some function f. This is in
fact true for any differential form satisfying the compatability equations
(7.38). That is, suppose @ =Y, 4, dx; is a differentiable differential form
defined in a neighborhood U of p, in R” and the equations (7.38) are satisfied.
Then if B is a ball centered at p, and contained in U, there is a differentiable
function f defined in B such that df = @ in B. This is really easy to prove:
if p is any point in B, let L, be the oriented line from p, to p and define
f@=J L, @ Then, wecan dlfferentlate fwith respect to x’ by differentiating
under the integral sign:

% @L,, _fa J(Zad")

Now the integrand will have one term of the form Y'; da,/0x’ dx', which is
by Equations (7.38) the same as Y ; da /ax dx' = da;. This is the essential
term: by the fundamental theorem of calculus we can conclude from ofjox’ =
{ da; that 8f]0x’ = a; as desired. Here is the precise proof.

Theorem 7.5. (Poincaré’s Lemma) Suppose that D is a domain with this
property: there is a py € D such that for every p € D the line joining p to p, is
also in D. (D is star shaped (see Figures 7.4 and 7.5).) Then in D every
closed form is exact.

Proof. We may suppose po is the origin. For p € D, let L, be the oriented line
segment joining 0 to p. We may parametrize L, by

Ly:x=x(t)=1tp 0<t<l1 (1.39)

If wis a closed form, define f(p) = [, w. We shall show that df=w. In
coordinates, p = (x*, ..., x"), w = > a; dx', and by (7.39)

se = SaSa= Saova
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Disstar shaped

Figure 7.4
Then, differentiating under the integral sign:

1

of

LI/ i [ !
= ®=] [z = (e + aim) 5%,] dt

[}

1 da, 1
_ fo S o (pyrat di + fo a(tp) dt

Now, using the compatibility equations, the integrand of the first integral takes

D isnot star shaped

Figure 7.5
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the form

oa, o 0
2 34; (p)txt = [Z a—z’, (tp)x‘] t = lap)] -

We can now compute the first integral by integration by parts:

1

~ [ atmyar

1)
fo % la,tp)t dt = a,(tp) - ¢t

0

Thus

1

0 1
T W—a)1—[ amd+ | atmd=aw
Xy o 0

and the proof of Poincaré’s lemma is concluded.

Poincaré’s lemma serves to indicate the nature of the solution to the basic
question: when are closed forms exact? 1[It depends on the shape of the
domain. 1If the domain is a ball, or a cube, or any *‘ star-shaped ” domain,
then every differential form which satisfies the compatibility differential
equations (7.38) is the differential of a function. On the other hand, if the
domain has holes (as does R* — {0}), there are closed forms which are not
exact. We have seen, to be precise, in the discussion following Example 18
that on R — {0} the dimension of the space of closed forms exceeds the
dimension of the space of exact forms by one. Problems 15 and 33 are
devoted to showing that when we remove a finite number of points from R?
this excess dimension on the remaining space is the same as the number of
removed points. These examples suggest that domains with holes are not
just defective in the closed-exact problem, but further that the solution to this
problem gives a measure of the defect. This striking relationship between
the shape, or topology, of the domain and the znalytic question of integ-
rability persists when we move to more complicated domains, or surfaces
and even into higher dimensions. The shape of a pretzel is accurately
reflected in the closed vs. exact controversy on its surface. The general
theorem relating this analysis to the topology of the domain is de Rham’s
theorem and is one of the cornerstones of the modern subject of differential
topology.

Now, back in one dimension, the fundamental theorem of calculus relates
the values of a function on the boundary of an interval with the integral of
its derivative over the interval:

b L)
J() = f(a) = fa af = f d—{ dt (7.40)
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The analog of this theorem for differential forms in R? is Green’s theorem ;
there are many analogs in higher dimensions and we shall study some of
these in the next chapter. For the remainder of the present chapter we shall
study only the two-variable case.

Suppose D is a domain in R?, and the boundary of D is made up of a finite
collection of curves (see Figure 7.6). We make the boundary into an
oriented path by choosing the direction of motion so that the domain D is
always on the left. If T — N is the (right-handed) tangent-normal frame on
the domain, then the normal N always points into the domain (see Figure
7.7). We shall refer to the boundary of D when so oriented as dD. Now
Green’s theorem simply says this: if w is a C* differential form defined on a
neighborhood of D, then

fwa) = fD do (7.41)

Figure 7.6
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T . aD

Figure 7.7

If we consider the boundary of the interval in (7.40) as oriented in some
appropriate way, then (7.41) appears to be a direct generalization of (7.40).

In order to see why (7.41) is true, we must first assume that D is of a special
form. We say that the domain D is regular if it can be expressed in both
following forms:

D={(x,y)eR*:a<x<b f(x)<y<g(x)} (7.42)
={(y)eR"a<y<p ¢(y)<x <Y} (7.43)

(see Figure 7.8).
For regular domains, Green’s theorem follows easily from the fundamental
theorem of calculus. Let w be a given C! form, and write w = p dx + g dy.
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a regular domain

-

an irregular domain

Figure 7.8
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Then

[ do=] (@ ~p)dcdy=[ g dxdy~[p dyax

We perform these integrations, by iteration.: use x first for the first integral,
y first for the second.

vO g ¢ N
Jiaetxdy=[[[" L ax| ay = [[ahn ) dy = [ a6, )
(7.44)
Now, we can parametrize dD in two parts as:
6D = rl + rz
Fyix()=@@),1n a<t<p
~Tpix() = (b 1) oa<t<p

Thus

fadr=[ ady=[ ady=[aw.vda-[ aoo.nd

(7.45)
Comparing (7.44) and (7.45) we deduce that
[acdxdy={ qady (7.46)
D oD
We leave it to the reader to verify by the same kind of argument that
fpy dx dy = —f pdx (7.47)
D oD

(Problem 25). Equations (7.46) and (7.47) together give Green’s theorem.

Now, not every domain can be represented in both the required ways;
in fact, in general neither is possible. However, for most domains D it is
true that D can be covered by finitely many disks A, ..., A;sothat D n A; =
D, is regular for every i. Clearly, if D is bounded by finitely many polygonal
curves this is true. All but the most pathological domains that we have seen
have this property. The above argument generalizes easily to these types of
domains. We shall now call any such domain regular.
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Definition 9. A domain D is regular if its boundary is a path and if D
can be covered by disks A, ..., A, such that each D n A; can be represented
in both forms (7.42) and (7.43).

Theorem 7.6. (Green’s Theorem) Let D be a regular domain and w a
differential form defined on a neighborhood of D. Then,

o=l

Proof. Let D, n A, where the disks Ay, ..., A, are as given in the definition.
In particular, by the preceding arguments, Green’s theorem is true on D, for each /.
Let py, - .., ps be a partition of unity subordinate to the covering Ay, ..., A, Then
the p; are C > functions and Z pi =1on D, and p, is nonzero only inside A,. Now,
by Green’s theorem on D,

prw =fD d(p, w)
¢

oDy

Since p; w is zero off Dy,

fm d(pie) = | d(pie)

But also p; w is nonzero only on the part of each of the curves @D, 8D, which is
common to both, thus also

f th=f prw
aD; oD

Thus

fappiw=fDd(p,w) 1<i<s

Adding these equations, we obtain Green’s theorem for D since Spi=1:

pr=fwzplw=zan,w=zfpd<p,w>=fbd<zpiw>=fndw

Examples

25. Let D be the unit rectangle [(0, 0), (1, 1)]. Then, by Green’s
theorem

1 2
f xzydx+(x—y)dy=f(1—xz)dxdy=f(l—xz)dx=§
2D D 0
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26. The integral of @ = cos xy dx + y cos x dy over the boundary
of the domain

D={(xy):0<xt<y<l}

is

f w=f[—ysinx+xcosxy]dxdy
oD D

=f_1 Ulz[(—y sin x) + x cos xy] dy] dx

Green'’s theorem is also convenient for transforming double integrals
into line integrals. Noticing that dx dy arises as d(— y dx) or d(x dy)
in Green’s theorem, we may compute areas of domains by line integrals.

27. Find the area bounded by the curves y = 1 — x*and y = 1 —x°
in the upper half plane:

area = f dx dy
D

1 1 4
=—| ydx==| Q=xHdx+| @=xdx=—
ydx f_l( ) f_l( x%) dx = o

28. Find the area inside the ellipse

We can parametrize E by the polar angle:
x=uacosf y=>bsin@

Thus

2n
area=fxdy=abf cos? 8 d0 = nab
E V]

o EXERCISES

14. Compute the line integrals of differential forms arising out of the
work problems in Exercise 12(a), (b) using Green’s theorem.

15. Compute [r w for given w and T’ (using Green’s theorem if con-
venient).
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(@ w=zdx+xdy+ydz T': closed oriented polygon with
successive vertices (0, 0, 0), (0, 1, 1), (1, 0, 0), (—1, —1, —1).

b)) w=x*dx+y*xdy T': the ellipse a?x? + b*y? =1.

© wo=x+ydcet+(+y)dy T': the triangle with successive
vertices (0, 0), (4, 0), (2, 3).

d) w=x2dy+ 2xydx T:z=e"*""fromt=0to t =2.

© o=x+ydx+G+2)dy+ @+ x)dx
I':thecircle x2 +2z*=1, y =3.
16. Compute, using Green’s theorem the area of the domain D:

@ D={x,y): O<sinx<y<tanx <1}

(b) D is the domain in the upper half plane bounded by the ellipse
x2+ 2y*> =1 and the parabola x = 2y2.

(¢) D is the quadrilateral with vertices at (0, 0), (1, 0), (7, 3), (2, 5).

(d) Inside the curve x =cos" ¢, y =sin" ¢ n>90.

® PROBLEMS

25. Verify Equation (7.47) in the text and conclude the proof of Green’s
theorem.

26. Using Green’s theorem prove that if w is a closed differential form in
all of R?, then w is exact.

27. A differential form is called radial, if it is of the form (F, dx)> where
F is a radial vector field (see Problem 24). Show that if w is radial, it is of
the form f(r) dr.

28. Show that if w is a compactly supported (that is, it is identically zero
outside some large disk) form on the plane that

@ sz de =0

(b) J;:tixls “= J‘)‘>0 dw

29. Show that if w is a compactly supported closed form in R?, it is the
differential of a compactly supported function.
30. If w is a differential form, define *w as follows: if

w = <F, dx> *w = (*F, dx)
(a) Show thatif w =pdx +qdy, *w =—qgdx+pdy.
(b) Show that (in a disk) *dfis also exact if and only if fis harmonic.

(c) Show, using complex notation

*w(T) = w(@T)
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(d) If fis harmonic, let f* be such that df* = *df. Show that £ if*
satisfies the Cauchy-Riemann equations.

31. Let T be an oriented curve in R", with tangent T and normal N. If
fis a differentiable function we define these derivatives of falong I':

9 2
Ty =Tk =d N = TN

Show that

df=| —=ds _('Z ds=| *df
f f fr N r

32. Suppose that D is a regular domain and f, g are twice differentiable
functions defined on a neighborhood of D. Verify these formulas (using
Green’s theorem):

(a) —ds=0

of eg of ogof
(b) Lnga—T'dS=ij (a—xé;—aa) dxdy

" 0 0 .
Jap(g % +fa—i) ds=0

Vo)
&

@ w—a—é ds_fb Afdx dy

o~
o
~—

[ oakas=[]. tor+ Vo, 5145y

® [ (g%—faN) as= [[ (onr—rog) ds

7.6 Applications of Green’s Theorem

Several of the exercises at the end of the previous section have indicated
the uses of Green’s theorem. The rest of this chapter is devoted to the
application of this theorem to some of the topics we have been developing.
We shall leave aside until the next section its more profound uses in the study
of complex differentiable functions.
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The Shape of the Domain

The most immediate implication of Green’s theorem is the suggestion of
the relationship of the shape of a domain to the question of the exactness of
closed forms. If every closed curve in the domain D is the boundary of a
subdomain in D, then every closed form is exact. For, suppose w is a closed
form. By Theorem 7.4 (i), to show that w is exact, we need only verify that
its integral over any closed curve is zero. If I is such a curve, then by
hypothesis it is the boundary of the subdomain E. Then, by Green’s theorem

frco=fEdw=0

since dw = 0.

We can say that a domain D “‘has no holes” if every closed curve in D
is the boundary of a subdomain of D. This is intuitively clear: we can draw
a loop around any hole which will bound the hole and this is not a subdomain
in D. The further study and precision of these notions is a rather difficult
branch of mathematics and falls within the domain of topology. It turns
out that there is a precise relation between this vague geometric study and
the question of exactness. The number of “holes” in the domain is the
same as the number of independent closed but nonexact forms. We already
saw that (in Section 7.2) for R* — {0} and in Problem 15 for R* — {0, 1}.
That argument easily generalizes to the case of the complement of finitely
many points, py,...,ps. Let 0(z) =arg(z—p;). Although 0; is not a
well-defined function on R?*— {p,,...,ps}, df; is a well-defined form.
Clearly, df,, ..., df, are independent, so there are at least s independent
closed nonexact forms on R? = {p,,...,p,}. Now, let w be any closed
form and define

1
@ =5~ o

i

where C; is a small circle centered at p;. Then
' ! Zs: ci(w) do
=0 =5 i i
27 i=1

is exact. This can be proven by verifying condition (i) of Theorem 7.4 by
Green’s theorem (see Problem 33). Thus if @ is any closed form it is, but
for an exact form, a linear combination of the df;.
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Area Computation

Now, as in Examples 27, 28, we can compute areas by boundary integrals:
if D is a regular domain

1
areaof D = ﬁbdx dy = LDx dy = — faDy dx = 3 an dy —ydx
(7.48)

Example

29. The area of a trapezoid is 1/2(b, + b,)h (see Figure 7.9).

area=fandy= Lxdy+fody
1 2

h

Liy=—>"
1y a+b2—b1

{(x—by) xe€la+ by, bi]

L2:y=gx x € [0, «]

a+bz
x__—_—

by a+b2—'b1

_ﬁ[w;bzf—_bf]_iaz
_2 oc+b2—b1 20

0
area = dx+fxgdx

=g[a+b2+b1—a]=%(b1+b2)h

(=, h) b2 («+ b2, h)

b (b1,0)

Figure 7.9
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Integration after a Change of Variable

A line integral of a differential form is the same, no matter what coordinates
are used to compute it (recall Proposition 4). Using this knowledge and
the preceding computational techniques we can find a formula for computing
double integrals by a coordinate change.

Suppose that F is a nonsingular differentiable transformation of the domain
D onto the domain E (that is, F maps D one-to-one onto E and dF is every-
where nonsingular). Let us write F in terms of coordinates:

F. 4 =ux)

f o= o(x, ) (x,y)eD F! X =X(u, ) (u v)eE (7.49)

'y =y(u,v)

If T is a path in D, then F(I')is a pathin E. If o=pdx+gqgdyisa
differential form defined on D, we may associate it to a form on E: & = o du
+ B dv, where the cooefficients are given (see (7.24)) by the coordinate
change (x, y)— (4, v). Then jrw = {pr®, since they represent the same
integration relative to two different coordinate sets. Now, if I' bounds a
domain A, F(I') bounds F(A) and if we apply Green’s theorem to both sides
we will obtain a relation between the double integrals. However, to apply
Green’s theorem we must be sure that both I" and F(I') are oriented as the
boundary of the domains A, F(A), respectively. That is not necessarily
the case.

Example

30. The transformation

qu:y
v=1x

amounts to reflection in the line x = y. If I' is a circle centered on
that line, I and F(I') are the same curve, but oriented in opposite
directions (see Figure 7.10).

This difficulty may be overcome by restricting attention exclusively to
transformations that preserve the sense of orientation around a curve. This
will be guaranteed if the sense of “counterclockwise” rotation about cor-
responding points is the same. Thus, if we rotate the xy plane about the
point p in the clockwise sense, the induced motion under the transformation
T must also be clockwise. This will be the case if it is so for the linear
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Figure 7.10

approximation dT(p), and that is guaranteed by

0x 0x
5%, v) " (p) % (p)
(p) = det >0 (7.50)

(u, v) Oy Oy
7 (») % (P

These remarks are not completely obvious, but we shall not pause to
verify them. It is intuitively clear that the sense of rotation at a point is the
same for the transformation and its differential. What is not so clear, and
more difficult to obtain is that this local criterion assures that the sense of
orientation of any boundary is the same in the two coordinate systems. All
these geometric considerations can be avoided, by replacing them with
appropriate algebraic considerations. We shall see further illustrations of
the difficulty in a purely geometric, rather than algebraic, approach in the
next chapter.

In any event, if (7.49) defines a change of variables satisfying condition
(7.50), then for any subdomain A of D, JA and dF!(A) define the same
orientation on the boundary of @w. Thus, if @ is any differential form

[o=] o
oA OF ~1(4)



7.6 Applications of Green’s Theorem 579

In particular,

area(A)=fxdy= xdy=f xa—ydu+xa—ydu
dA 7}

OF —1(A) F~1(A) ou v

_ b} dy Jd( dy
- F—1(A)[8u (x 60) ov (x %)] du dv

_ a(x, y)
- ff-l(A) o(u, v) du dv

A more important formula is that allowing us to compute double integrals
with respect to the new coordinates (u, v).

Theorem 7.7. Let D be a domain in the plane, and suppose

x = x(u, v)
y = y(u, v)

is an orientation-preserving change of coordinates (that is, 6(x, y)/0(u, v) > 0).
Let E be the domain in (u, v) variables corresponding to D. If fis a function
defined on a rectangle containing D, then |y, f can be computed in terms of the
(u, v) coordinates:

a(x, y)
o(u, v)

f f= f Sf(x(u, v), y(u, v))det (u, v) du dv (7.51)
D E
Proof. Let R=[(a, b), («, B)] and define

Foon = [ fandi for s eR

Thus F(x, y) is a C* differentiable function on R such that 8F/ox =f. Now, by
Green's theorem

[ raxay— [ Fay
D éD
We can compute the integral over 8D in the (, v) coordinates:

Fd FZ aurr2 4
LDde_J:’E r= o Ou ut ov v
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By Green’s theorem (in the (u, v) variables), the last integral is

2 oy 0 ay
— ZV _—_|FZ
L [814 (F Bv) v ( 8u)} du dvo

f aFoxdy @Faydy
T Jelexouov  ay éudv
o2y oFox oy OFdyoy %y

+qudv_8_xﬁ_va¢_ 55614_ dv du

ax,y)
o(u, v)

]du dv

du dv

- fE £ e, v), y(u, v)) det

Thus (7.51) is proven.
Examples

31.

dx dy rdrdo 1[ 2n ]
A = df| dr=2
J.2+y251 (x* + yH'? fx2+y251 r fo fo T

k3

32.
f exp[—(x* + y»)] dx dy = f exp(—r?)r dr df
R2 R2
=2n f exp(—r?)r dr
0
=n[—exp(—r)]§ ==

Notice that

(f: exp(—1t?) dt)2 = f: exp(—12) dt - f: exp(—1t*) dt

= f: exp(—x?) dx - f: exp(—yH dy = '[Rl exp[ —(x? + y*)] dx dy

Thus

fw exp(—t?) dt = \/;
0

a computation that would have been impossible without the change

of variable to polar coordinates.
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The Divergence Theorem

The general form of Green’s theorem first came up in the study of fluid
flows and the theory of potentials. In this study it arises in the form of the
divergence theorem, which we shall now discuss in two variables.

Let v = (v, w) be a vector field defined in some open set in the plane and
let x = x(x,, ?) be the equations of the associated flow (that flow with velocity
field v). Let D be a domain on which the flow takes place. The fluid which
at time t = 0 occupies D has moved after a time ¢, to a domain D, given by

= {x:Xx =Xx(Xg, 1) X, € D}
The area of D, is

area(D,)=f dxdy=f M
De

dx, dy
D 6(Xo, Yo) 0mre

where we have rewritten the equations of flow as

X = X(Xg, 1) = (x,Xq, Vo) Yd(Xo, Y0))

The rate of change of the area of D, is

ﬁ [ (x5 ¥o)
ot

d
—area (D,) = f (o 5 Yo)

T A ] dxy dy, (7.52)

Now let us evaluate this at time ¢t = 0. Remembering that x(X,, 0) = x,,
we have

d [dx, oy, ox, ay,] 0*x 0%y

) A N 4 Vo 0)+ X0, Vo, 0

6t[6x06y0 3ye gl oo ~ 30w, 00 Yo O+ 55 o( 0> 0, 0)
Now

?*x 0 (Bx)__a_v_ oy ow

dtox, oxg\dt) dx, 0tdy, 0y

Thus the instantaneous rate of change of the area of D (Equation (7.52))
is given by

v ow
dxd 7.53
fp(ax ay) Y (7539
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The integrand is called the divergence of the flow and is denoted divv. The
divergence theorem says that this integral can be computed by a boundary
integral. To put it physically: the rate of expansion of D is the same as the
rate at which fluid flows into D. We will now try to compute that latter
amount. Let 0D have the frame T — N so that N points into the domain
(see Figure 7.11). The amount of fluid passing into D through a small
piece of the boundary (of length As) in a time At is

{v, N> As At

The total amount passing through 4 D is thus well approximated by a Riemann
sum for the integral

( LD<v, N> ds) At

Thus the rate at which fluid passes into D can be thought to be given by

faD<v, N> ds

Using the notation of Exercise 29 this is the same as

LD<*V, dx)y = LD—-W dx +vdy

Figure 7.11
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By Green’s theorem this is the same as (7.53). Thus the divergence theorem
is verified:

v, N> ds = f divv (7.54)
aD D

If vis a conservative field it has a potential function f, and (v, dx) = df.
Then (*v, dx)> = *df and (7.54) becomes

[ (=L

Thus, if fis the potential function for a conservative and incompressible
(divergence free) flow, f must be a harmonic function. Dirichlet’s problem
(to find a harmonic function with given boundary values) may be restated as:
find the conservative incompressible flow with given boundary potential
levels.

The Cauchy Theorem

This last remark leads directly to the study of complex analysis. Suppose
that fis a complex-valued complex differentiable C* function defined on a
domain in the plane. Then

lim &P = f(2)

K0 h

= f'(2)

exists for all z and (what is the same assertion) the Cauchy-Riemann equations
hold:

of _ _;of
ox dy

1t follows that the form f(z) dz is a closed complex-valued form:
fdz=fdx+ifdy
J . afl .
af = 2in-2] =if.= f=0

Theorem 7.8. (Cauchy’s Theorem) If f is a C' complex differentiable
function defined in the regular domain D, then

f fdz=0
D
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Proof. By Green'’s theorem
f fdz=f d(f dz)=0
oD D

o EXERCISES

17. Compute the area of these domains:
@ x*+y*<a*
b)) x>»<1,0<x<a
(©) r <1+ 2cos 8 (each section)
d) r<e®,0<0<2n
(¢) The domain {u? + v? <1/2}, where

u=x(1 + x cos v)
v =y(1 + ycos x)

(f) The domain {0 <u <1, 0 <v <1}, where u =xy, v =x%— )%
18. Compute div v for these flows:

(@) x(Xo,1?) =exp[(_i ~_i)z‘]xo

B x=x(141),y=y(1—1%)
©) vix,y)=x*—yy'—x
@ vo,n=x+y,x—y

e PROBLEMS

33. Let D=R*—{p,, ..., ps}, where py, ..., s are s distinct points in the
plane. Show that there is an s-dimensional space L of closed, but not exact
forms defined on D such that every closed form can be written df + w, with
welL.

34. Let w be a closed form in R? —{(0, 0)}. Show that if w is exact in
some annulus {a < |z| < b}, then it is exact.

35. Let f be a complex-valued differentiable function defined in the
domain E. Show that fis complex analytic if and only if [,5 fd: = 0 for all
subdomains D of E. (Hint: d(fdz) =0 is the same as the Cauchy-
Riemann equations.)

7.7 The Cauchy Integral Formula

In Chapter 5 we introduced the power series development of functions in
order to effectively compute solutions to certain differential equations.
Those functions which admit an expansion into a power series are called
analytic. We saw that this is the most computable class of functions. We
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saw that such functions are differentiable in the complex sense, and that the
differential equations can be interpreted in the sense of complex variables.
In Chapter 6 we found that if a function is the sum of a convergent power
series in the closed unit disk, it can be computed by means of an integral
around the circle:

if
0= 20“" ¢ for |¢] < 1
then
_ 1 2m f(eiﬂ)eio
Q=5 | g o

for |{| < 1. The integral may be rewritten as a line integral :

o=~ &«

2niJiz1=1 z—¢

The Cauchy integral formula is a great generalization of this. It weakens
the hypothesis to that of complex differentiability and strengthens the con-
clusion by replacing the unit circle by the boundary of any regular domain.

Theorem 7.9, (Cauchy Integral Formula) Suppose that fis a C* complex-
valued complex differentiable function defined in a neighborhood of the regular
domain D. Then, for { € D,

fQ=5-] L2%

2ni oD Z—C

(7.55)

Proof. Let A, ={z: |z— {|<n'}. If nis large enough, A, is contained in
D (see Figure 7.12) and f(z)(z — {)~* is a complex differentiable in D — A,. Thisis
because the product of complex differentiable functions is complex differentiable.
Thus f(z)(z — §)~* dz is closed, so that

f f(z)dz=0

@-am Z— &

Thus

f@)dz f(2)dz .J"”f(l +n7e")
= =i n

wz— ¢ oan 2— L 0 n-1e'?

2n
-1 et dozlf f(l_*_n—lew) dg
o
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Figure 7.12

But as # — oo, f({ + n~*e®) - £({) uniformly on the circle, just because f is con-
tinuous at {. Since #n is arbitrary (but large),

f(2)dz

oD Z_C N

lim fo ’ fE+ne)dd =i fo ) S df =2mif (J)

and thus (7.55) is proven.

The Cauchy integral formula implies that complex differentiable functions
are extremely well behaved; after all a function certainly must be quite
special for it to be completely and explicitly determined within a domain by
its boundary values. Here are a few corollaries of Theorem 7.9 which
demonstrate this.

For simplicity of notation we shall write fe A(D) to mean that fis a C!
complex differentiable function on a regular domain D.

Proposition 5. (The Maximum Principle) Let f be in A(D). The maxi-
mum of fon D is attained on dD.

Proof. Since D is compact, the maximum of f'is attained at some point { & D.
If there is no point on 2D at which f attains its maximum, then not only is { ¢ 2D,
but

LA(D] > max{| f(2)|: z € 8D}
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We shall show that this assumption leads to a contradiction. Define

o
9@ =7

Then g € A(D) also, g({) =1 and llgllsp <1. Then g"—0 uniformly on éD as
n— . Thus

g'(2) dz
-0
oD Z — g

as n— 0. But, by the Cauchy integral formula, that integral is 2mig"({) = 2mi
which does not tend to zero.

Proposition 6. Suppose f,, f are all in A(D) and lim f, = f uniformly on
0D. Then lim f, = f uniformly in D.

Proof. By assumption, ||f, — fllao—0 as n — . But since f, — fe A(D), by
the maximum principle,

Ifs—flo=1fa—Fflao so[fa—flp—0 asn— o also

Proposition 7. (Liouville’s Theorem) If f is bounded and complex differen-
tiable on the entire plane, f is constant.

Proof. Let M be an upper bound for | f(z)|. Let {,, {; be any two points on the
plane.

1 1 1
IfE)— S = ‘ > fm:R L_—CI - §2] f(z)dz
M dz
£2_7T ’gl B gZI Izl =R (z— ll)(Z— CZ)

R 2 db
<5, -Gl fo (Re'® — [)(Re®® — 1)

! JJK do
<RG0 R LR

As R— oo, the integrand converges to 1. Thus the entire expression on the right
becomes arbitrarily small as R—> 0. On the other hand, the left-hand side is
independent of R, hence must be zero. Thus, f({:) =f({;) for any {4, {,.
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The most important property of complex differentiable functions is that
they are analytic, that is, they can be expressed as the sum of a convergent
power series about any point. The following theorem brings together all
the notions of analyticity and summarizes the basic properties of analytic
functions.

Theorem 7.10. Let f be a C' complex-valued function defined in a neighbor-
hood of the regular domain D. The following assertions are equivalent:

(i) For any { € D, and R such that the disk A({, R) is contained in D, f
is the sum in A({, R) of a convergent power series:

o0

f@=3 a,(z=) (7.56)

n=0

(ii) fis complex differentiable.
(iii) f satisfies the Cauchy—Riemann equations:

(iv) fdz is closed.
(v) forany (e D,

1 ¢ f(Ddz
fQ) = fw —

2ni

In case f has these properties the coefficients a, of (7.56) are given by

ALGIER f(2) dz
S ‘z_mfap(‘—z_c)m (7.57)

Proof. The implications (i)= (i), (ii)=>(iii) were observed in Chapter 5,
(iii) = (iv) in the preceding section and (iv)=> (v) is the Cauchy integral formula
(Theorem 7.10). That leaves only the implication (v) = (i) and the first part of the
theorem will be proven. Suppose then, that (v) holds, and A({, R) = D. We have
to show that f can be expanded in a power series centered at {. By hypothesis,
min{|z — {|: ze 8D} > R. Thus for w e A({, R),

w

-
g

z—
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for all ze 8D. Thus

1 1 1 (1 O\t e w0l
z—w z~{—w—=0 z—¢ _z—C) -

= o (z— O+t

uniformly for z€ 8D. We can thus substitute this sum for the term (z — w)~! in
the Cauchy integral:

1 f(2)dz

2miJop z—w 21r1

® [ 1 f(2)dz ]
(w—

fwW)=5—

ff()i A

w=o|2mi Jop (z — )"t

Thus fis represented by a power series whose coefficients are given by the integrals
in (7.57). That the coefficients also are given by the successive derivatives as in
(7.57) was already observed as part of Taylor’s formula. Thus, the theorem is
completely proven.

Examples

33. If f is analytic in the disk A({, R), then the power series re-
presenting f near ( actually converges to fin the entire disk A({, R).
For, by Theorem 7.10, fis, in this whole disk, the sum of a power
series centered at {, but such a power series is uniquely determined by
/, so must be the given one. In particular, if fis analytic in the entire
plane it can be expanded in a power series converging everywhere,

34. Suppose that fis analytic near {. Then

Sf(2) -1

P, (7.58)

is also analytic near {. For, we can easily factor the Taylor expansion

of f(z) = f(O). If f(2) =} 2%0 al(z — (), then

f@ =IO =3 afz= 0= (=0 T ayuslz =17

n=1

so (7.58) is given by Y 2o a,41(z — {)". In particular, z™* sin z is
analytic on the whole plane, and has the Taylor expansion

ZZn

-1 . _ e — n_ <
z sz—n;o( 1) @1
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tanzdz_ .tan z

35. = 2mi = 2ri
J.Izl=1 z? z=0
dz dz 1
36. —_—= e = 271 — =
J~|._,_i|=1 2241 J‘|z—i|=1 (z +i)z—1) i 2i "

sin z o -
37. f — dz = 2ri(sin z)" "V |,
lz|]=2 2

0 n odd
_ _1 n/22 .
- ((n)—l)'m n even

€ (er) D 2nie

38. f(z—()"dz:zni(n— i z=c_("" i

2n dg
39. fo 1 —2acos 8+ a?

laf <1

This integral can be computed by means of Cauchy’s theorem by
interpreting it as an integral over the unit circle. Since

. e—ei0+e—i0_1(z+1)
SV=T T 7F7;

dz = ie!® d0 = iz df

on the unit circle, we may rewrite the integral as

z+z7! “ldz 1 dz
1_2 2 _—— - -
J‘Izl=1( a( 2 )+a ) iz if[z|=1z—azz—a+azz

-1 dz
T ia Jp-122—(a+(1a)z + 1
-1 dz
B g'[.lzl“:l (Z—-Tz—a"l) (7-59)

Since |a| < 1, the function (z — a~')™! is analytic on the unit disk
and the integral (7.59) can be computed by the Cauchy integral
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formula

f dz i 1
=27

w=1(Z—a Dz—a) a—a!

Thus

fh do —2n( 1 )_ 2n
o 1—2acosf+ a? a \a—a') 1-4?

Theory of Residues

There are many definite integrals which may be computed in similar
fashion. The integral formulas of complex analysis provide a powerful
technique for computing such definite integrals called the residue calculus.
We shall give a brief introduction to these methods. First, a few more
illustrations

2 iz

2z -1, 6 d
40, j cos® 046 = (Z +z ) l
0 jzl=1

1 (22 + 1)¢ T ) 6(6)
—Ef|21=1——z7—_dz_w[(z + D1 ;=0

o m5:3-1
T 2%6-4-2

2z 40 z+z W27 4z
41. _ = 1 —
fo 14+cos*0 Jpz=1 [ +( 2 ) ] iz

_4J- zdz
- |z]=1 z¥ + 622+ 1

(7.60)

i

We are now not in a very good position, for we cannot recognize the
integrand as a Cauchy integrand. To do so we should be able to write it in
the form f(z)(z — {)~" for some function f analytic on the unit disk, and {
in the disk. But it is not of that form. The integrand is

z
(2> +3+2/2)( +3-22)
_ z . 1 ) 1
T2+ GB+2/2) z4 (342D 2 - (=3 +2/2)1
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which has the form f(z)(z — @) "*(z — B)~?! for two points «, § in the disk.
However, we can still compute this integral by returning to the proof of
Cauchy’s integral formula. If A;, A, are two small disks centered at «, f,
respectively, then f(z)(z — a)"!(z — B)~! is analytic in A — (A; U A,), so
by Cauchy’s theorem

f f(2)dz

- vam(z —a)z =)

Thus, the integral (7.60) is the same as

f zdz
28, (2% + 3 4 2./2)(z - B)(z — 2)

zdz
— 7.61
+faAz(zz+3+2\/2)(z—-a)(z—ﬁ) (7.61)

Now these integrands are of the form f(z)(z — {)~* with f analytic on the
disk and { in the disk, and can be evaluated by Cauchy’s integral. (7.61) is
thus

27ri[ % — + B — ]
@ +3+2/2@—-p) B +3+2/2)B-w

Since a = —(—3 + 2/2)'7, f =(—=3 + 2./2)!'?, we obtain the result

x do 4 1 a—p
Jy Troora ™ 2”[_3+2\/§+3+2ﬁ]a—ﬁ=”ﬁ

The above idea of suitably generalizing the integral formula so as to
accommodate a larger class of integrals is called the residue theorem. We
shall now prove it in general.

Definition 10. Suppose that f'is analytic in a neighborhood of the point ¢,

except perhaps at {. We say that f has an isolated singularity at {. The
residue of such a function fat { is defined to be

.1
Res(f,O)=limo— | f)dz
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Of course, we do not a priori know that this limit exists, and therefore that

the residue is well defined. However, there is no problem: for any ¢ and ¢/,
we have

[ j@daz=|  f@)dz
lz=¢l=e lz—¢|=¢’
by Cauchy’s theorem, since f'is analytic in the (regular) domain bounded by
these two circles. Thus the limit certainly exists since it is independent of &.
Now the residue theorem says that the boundary integral of a function analytic

but for isolated singularities is given by its residues; which we may calculate
by the integral formula, or other available local means.

Theorem 7.11, (Residue Theorem) Suppose that f is analytic on the regular
domain D but for isolated singularities at {,, ..., {,in D. Then

f f(z)dz = 2m’i Res(f, £)) (7.62)
oD =1

Proof. LetAqy,..., A,bedisjoint disks centered at {;, ..., {,, respectively. Then
since fis analytic in D — U=, D,, by Cauchy’s theorem

[ @ =3 ) JS@d

But the sum is just (7.62) by the definition of residue.

Examples
42.
cos? 0 e+ ()2)? dz
l+sin?0 Vo 1—Hz—(1/2)) iz

n 1zt 22241
= —-—————dz

_n iz 2% =222 -3

Now the roots of the denominator are

0 +\/5 + L
ity

[
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and the integrand can be rewritten as

—_1 z* 4+ 22241
iz (22 — 3)2)(z + i/\/2)(z — (i//2))

f(2)=

The residues to be computed are those at 0, + i/ﬁ. The integral
around each singularity is a Cauchy integral, so we need only evaluate
the relevant function at the point in question.

1
Res, f = %

Res,.s / = 1/4+2(-1/2)+1 1
W T~ - Gy 8
1/4 1

~1
S TN T TN

Thus, our integral is

1
2mi ) Res f= 2ni(

1+1)_27z
3i 8 8i)

3
It is clear that any integral of the form

| " R(cos 6, sin 6) dO

where R is a quotient of polynomials, can be handled in this way by the
substitutions

cos9=l(z+1) sin9=l,(z—1) d0="i_z.
2 z 2

1 z 1z

The integrand then becomes a quotient of polynomials is z, and we need
only compute the residues at the roots of the denominator which lie inside
the unit circle. At such a root r, the integrand takes the form

f(2)
9(z)(z - r)*
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where f/g is analytic near r. Thus the residue is, by Cauchy’s formula

1f f(z) dz 1 (f(z))(k-l)

2ni) g2}z —F (k- D!\g(2)

The cases we have considered so far are those where k = 1. Here is an
illustration of the more general case.

z=r

43,
JJ‘ dao —J. 1 dz
(2 +cos0? s 23+ iz
4J- zdz
T (P Az 1)

The roots of the denominator of the integrand are

-2+.3 -2-./3

These are both double roots. We need not be concerned with the

root —2 — \/ 3, since it is outside the unit disk. The integral is
conveniently rewritten as

4J- zdz
l2=1(z + 2 4+ /3 (z + 2 — /3)?

i

By Cauchy’s formula the integral is evaluating the derivative of
f(@)=z2(z+2+./3)"*at =2 +./3. Now

—2+3-2-/3 1
(=2+/3+2+./3° 2J27

Therefore, our integral is

f(=2+4/3)=-

4, 1 4
i MR T o

44. Occasionally, the integrand does not obligingly form itself into
a Cauchy integral, and we must play around a little more

dz

P 1 d z 1/z
f e2 %4 = exp(z + —) z ee
lzl=1 z

- z 1zl=1 z
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The only singularity is at 0, but we cannot rearrange this in the form
f(z)+z7!, Thus we must compute the integral directly by some other
means. Since

0 h 0 -n
=2 2 pr=y
n=o n! n=o n!
and
)
P el/z Z _1_1 Z"
n=-00 i—j=nl']'
i>0
jz0
Thus
1 [ee] 1
f eZcosO do = Z Z - Zn—l dz
- n=—ooi—j=nl!]! |z]=1
i>0
Jj=0

But that last integral is zero unless » = 0, in which case it is 2n. We
conclude that

1

n= o(n!)z

Ms

f 2cosed9 27[2 L=
i= il
i20

-n

Integrals from —oo to + ©

The techniques of residue calculus also apply to suitable integrals of the
form

f " F(x) dx (1.63)

bl )
If, say, F(z) is analytic but for isolated singularities at z,, ..., z, in the

upper half plane, then

| Fz)ydz= 2m'.i Res, (F)
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whenever D is a domain containing z,,...,z,. Choosing D= Dy =
{z:|z| < R, Im z > 0}, the integral is

| :F(x) dx + fHRF(z) dz

where Hp is the boundary in the upper half plane of the disk of radius R.
Now if F(z) — 0 as |z| » oo fast enough, the integral over Hj, will tend to zero
and the integral from —R to R will tend to (7.63). We shall say that F is
dissipative in the upper half plane in this case. Thus we conclude that when
F is dissipative in the half plane II,

| " F()dx=27i Y Res/(f)
zell

-

45.

J‘j‘ x2 dx li J‘ 22 dz

=lim -
wx4+1 R-w aDRZ4+1
For

J‘ zdz
HRZ4+1

f" R?e?% - R do ‘

o R*e®0 41
R3
s;f 1—)0 asR—

Now the roots of z* + 1 are (+1 + i)/ﬁ. Those in the upper half
plane are @ = (1 + i)/\/2, b= (1 — i)/x/2. Thus

z 1
Res.,(m)=[1+i —1—1][1{:' \—[1+i][1+i 1—i]

NZRRNE TS | SV WV
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Finally,

J-°° x2dx=2m,[1+i+1—l]= T
—w X+ 1 8i/2 8i/2] 2,2

A condition on F that guarantees that it is dissipative is that F is the
quotient of two polynomials such that the denominator is of degree
two more than the numerator (see Problem 37).

46. Compute

o —iaxd
f e ) (1.64)

—© 1+x2

Now, we would hope to apply the residue theorem to e™ (1 4 z%)~1.
For z = x + iy, this becomes

& e—-iax
1+ (x +iy)?

which is hardly dissipative for y > 0. But it is dissipative in the lower
half plane:

e—iaz dz
J s
lz]1=r 1 +z
y<0

fo exp[—ia(R cos 0 + i sin 8)]Rie” do
—x 1 + RZeiZO

< R
T R*-1

n
R* —

0
j exp(—aR sin 0) d6 < -0

as R— oo. Thus we compute (7.64) by residues over the lower
half plane:

© e—iax dx . e—iaz .
[T = R ) =2
(The sign changes since the x axis is oriented opposite to the orienta-
tion it obtains as boundary of the lower half plane.) Notice, by the
way, that

J-°° cos ax dx ef°° e~ dx J-“’ & dx nm
—_— = —_— c —_— -
o 14 x? —w 1+ x? ol +x* €
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Since

f°° sin ax dx —0

- l+x2

(the integrand is an odd function), we obtain

© eiaxdx © e—iax T
= dx=— a>0
f_oo1+x2 f_w1+x2 e’

¢ EXERCISES

19. Perform the indicated integrations by residues:

db
@) J._,, cos? 64 2sin2 @

i do
~x (cos? 8 4 2 sin? 6)?

© fl _

d=2 2(z—1)*

(b)

@ J‘ ez dz
iz=1 (4274 1)
do
)

o 5—4cosb

n [—%
) fo T+asnd <

d
© f e cos x dx

2 + aZ)(xz + bZ)
w© elx dx
w [ =
. © xtdx
@ f-—uo x¢+1

® xsinx

G) f_,, et
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® dx

& f_mx2+3x+2
@ dx

O J_w 1+ xt°

20. Suppose that f is analytic in a neighborhood of {, and

fAH=0 0<j<k

Show that
0@ = f@—r
(z- 0

is an analytic function.

21. Suppose that £ is analytic in a disk centered at ¢, and all derivatives
of fvanish at {. Then fis identically zero.

22. Suppose that f'is analytic in the punctured disk 0 < |z— {| <R and
bounded. Then, defining fat { by

Q= lir?f(Z)
the extended function is analytic.

e PROBLEMS

36. If {£,} is a convergent sequence of analytic functions in the domain D,
then the limit function is also analytic.

37. If
P(z)
FoO=5m

where P, Q are polynomials, then F is dissipative if the degree of Q is 2
more than that of P.
38. Suppose that f is analytic in the punctured disk 0 < |z — {o| < R.
(a) Show that

J. /@) dz 0<r<R
I

a=r (z— Lo)

is independent of r.
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(b) Fix some ro < R. Show that if ro < |{ — {o| < R,

FO ==

2mi

f f@dz 1 f f(2) dz
| [

{-fol=R Z— c 27Tl {—¢ol=rg Z— C

(c) Expand fin a series of the form

@

fO= 3 al— Loy

called the Laurent expansion of f, by noticing that

1 . 1 _ {—10 _l_m & — Loy
z—l;_z—{o[l (z—{o)] _ngo(z_go)nu

for | — Lol =R, |z— {o| <R, and

for |z— &o| =r, and | — Lo] >r.
(d) Show that Res; f=a-;.

601

(7.65)

39. Equation (7.65) can be verified in another way. Expand f in a

Fourier series around each circle |z — {o| =r:

f@@)= i a(r)e™® z=re"®

(a) The Cauchy-Riemann equations imply that

of .of
r 8_r +i '6—0 =0
(b) Differentiating (7.66), we obtain
0= i (ra, — nay)e'™

A==

Conclude that a.(*) = 4.r". Thus (7.66) becomes

f@=_3 Aren=dot 3 (d-az™+ 42")

(7.66)
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40. Suppose that fis one-to-one in the domain D. Then by the residue
theorem

1 J‘ zdz 0
2miJopw—f(2)
if w is not a value of fin D. Suppose f(@) =w. Then

a=f‘1(w)=—1—J. zdz

2mi Jop W—f(Z)

Conclude that the inverse of a one-to-one analytic function is again analytic.

7.8 Summary

Let p € R" and suppose f is an R™-valued function defined in a neighbor-
hood of p. f is differentiable at p if there is a linear transformation
T: R" —» R™ such that

If(p + v) — £(p) — T
lIvi

—0asv—0

T'is called the differential of f at p and is denoted df(p).
The differential is linear in the function f and also satisfies

d(f, g> = (df, g + <f, dg)

Let U be a domain in R*. A system of coordinates on U is an n-tuple of
C* functions y such that

(@ ifp#q, y@ #y@
(ii) dy(p) is nonsingular at all pe U

The matrix

oW,y _ oyt
axt, ..., x")  ox/

is called the Jacobian of the coordinate change.
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THE CHAIN RULE. The differentials of composed mappings compose as
linear transformations:

d(g - £)(p) = dg(f(p)) - df(p)

INVERSE MAPPING THEOREM. Suppose F is a C' R"-valued function defined
in a neighborhood of p, such that dF(p,) is nonsingular. Then there are
neighborhoods N of p, and U of F(p,) and a C* mapping G: U — N such that
G=F1.

Let D be a domain in R”. A differential form on D is a function which
associates to each point p in D a linear function w(p) on R". A differential
form has the form

o®) = 3, a(®) dx'p)

w is said to be C* on D if all the functions gy, ..., a, are C*. If w is the
differential of a function we must have

da; da;
—_—= <ij< 7.67
ax’  ox l<ij<n (7.67)

A differential form is exact if it is the differential of a function, and closed
if (7.67) holds.

Suppose that F is a force field defined in a domain D in R", and T is an
oriented path defined in D. The work required to move a unit mass along T is

b
W(L, F) = — [ CR(), g/(1)) di

where g furnishes a parametrization of T'.
A field is conservative if W(I", F) = 0 over all closed paths I'. A potential
function for a field F is a real-valued function IT such that

W(I, F) + TI(p’) — T(p)

is the same for every oriented path T from p to p’.
Suppose D is a domain such that any two points can be joined by a path
in D. Then

(i) every field, conservative in D, has a potential function
(ii) two potentials of a given field differ by a constant
(iii) If F = (f;, ..., f,) has the potential II, dI1 = Y fidx!
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LINE INTEGRAL OF A DIFFERENTIAL FORM. Let I' be an oriented path in a
domain on which the form o is defined. If I' =)73_, T, define

K] by
[o=% [ o)) d
r i=1 sy
If T is the tangent to T,

fco:fa)(T)ds

Let w =) a;dx' be a C' differential form defined on D. o =df for
some function f

(i) if and only if the field (ay, ..., a,) is conservative
(ii) if and only if §r @ = 0 for all closed curves
(iii) only if
0a, Oa;

— =—3 foralli,j
T = orall i, j

throughout D.

POINCARE’S LEMMA. Suppose that D is a domain such that for some fixed
point p, in D and every p € D, the line segment joining p, to p is contained
in D. Then every closed form is exact in D.

In two dimensions a differential form has the form w =pdx + g dy.
If w is C* we shall denote the function

dq 0p

dx 0dy

by dw. A regular domain in R? is bounded by a piecewise C* curve. We
orient this curve so that its principal normal points into D (it winds counter-
clockwise around D). When so oriented we shall denote the bounding
path by 0D.

GREEN'S THEOREM. If w is a C! differential form defined on the regular
domain D,

japw =dew
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Integration under a coordinate change. Suppose

x = x(u, v)
y = yu,v)

is a coordinate change on the domain D in R%2. Let E be the domain in the
uv plane corresponding to D. If Fis continuous on D, then

a(x, y)

det %, v)

[ f =] 7extas o), 0,03

‘du dv

Let v = (v, w) be a C! vector field. The divergence of v is

DIVERGENCE THEOREM. If v is a C! vector field defined on the regular
domain D,

_‘.aD <V, N> ds = ID le A\

A C? function f is the potential of a conservative divergence-free flow if
and only if it is harmonic.

CAUCHY’S THEOREM. If fis a C! complex differentiable function defined
on the regular domain D, then

fofdz=0

CAUCHY INTEGRAL FORMULA. Under the same hypotheses on f, if [ e D,

10 =5, L2

2ni z
MAXIMUM PRINCIPLE. If f'is analytic on D, it attains its maximum on 0.D.

Theorem. Let f be a C! complex-valued function defined on the regular
domain D. The following assertions are equivalent

(i) for any { € D, and some R such that A({, R) = D f'is the sum in A({, R)
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of a convergent power series

f(z)= 20""(2 = (7.68)

(ii) replace the word some in (i) by any
(iii) fis complex differentiable
(iv) f satisfies the Cauchy-Riemann equations

of  of

—] —

ox 0 y
(v) fdzis closed
(vi) for any { e D

fo=—[ &

27i ab Z—C

In case f has these properties (fis analytic), the coefficients a, of (7.68) are
given by

_SfO0 1 '[ f(z)dz
a =1 _ -

" n! —27ti aD(Z—C)"+1

If fis analyticin {0 < |z — z,| < R}, we say that fhas anisolated singularity
at z,. In this case the integrals

! fl f(z) dz

2ni z—zo|=r

are all the same for 0 < r < R. Their common value is the residue of f at
z,, denoted Res (f, z,).

RESIDUE THEOREM. If fis an analytic function on the regular domain D,
except for isolated singularities at z,, ..., z,in D, then

[ f(z)dz =213, Res(f, 2)
aD i=1
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® FURTHER READING

The general theorems on differentiation in R" are fully discussed in:

H. K. Nickerson, N. Steenrod, D. C. Spencer, Advanced Calculus, D. Van
Nostrand Company, Inc., Princeton, N. J., 1957.

M. E. Munroe, Modern Multidimensional Calculus, Addison-Wesley,
Reading, Mass., 1963.

L. Loomis and S. Sternberg, Advanced Calculus, Addison-Wesley, Reading,
Mass., 1968.

For further information on complex analytic functions see

Z. Nehari, Introduction to Complex Analysis, Allyn and Bacon, Inc., Boston,
1961.

H. Cartan, Elementary Theory of Analytic Functions of One or Several
Complex Variables, Addison-Wesley, Reading, Mass., 1963.

E. Hille, Analytic Function Theory, Ginn and Company, Boston, 1959.

L. Ahlfors, Complex Analysis, McGraw-Hill, New York, 1953.

® MISCELLANEOUS PROBLEMS

41. Prove the assertion concerning integration under a coordinate change
as given in the summary (where no reference to the orientation is made).
42. Show that if w is a differential form of compact support in R?, that

fx2 dw=0

43. Recall the definition of connectedness given in Problem 78 of
Chapter 2. Show that a domain in R? is connected if and only if it is path-
wise connected.

4. If w =pdx +qdyisa C' form, define

*ow=—qgdx+pdy

(a) Show that for any regular domain D,

an(N) ds = J;)d*w

where N is the interior normal to D.
(b) Show that the function « is harmonic if and only if d*du = 0.
(¢) w is (locally) the differential of a harmonic function if and only
if dw =0, d*w =0.
45. If u is a harmonic function in the domain D and if *du is exact in D,
then u is the real part of an analytic function in D.
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46. If 4 is harmonic in D, and T is a closed path in D, the integral

lf*d
27T r “

is called the period of u about T'. Show that u has zero periods about all
paths if and only if u is the real part of an analytic function. Show that
exp(u) is the modulus of an analytic function if and only if u has integer
periods.

47. Let D= R?*—{p4,..., ps}, Where p,, ..., p; are s distinct points in
the plane. Show that there is an s-dimensional space L of harmonic func-
tions which are not the real part of an analytic function in D such that every
harmonic function has the form #=u, 4+ Ref, u; €L, f analytic in D.
(Recall Problem 33.)

48. The Gamma function. Define

©

T'(z)= f:exp[(z —DInt—t]ldr= L t* et dt

(a) Show that I'(n) = n!
(b) Show by integration by parts that

Pz+1)=2I'(z)

(c) Show that I is an analytic function in the half plane {Re z > 1}
(differentiate under the integral sign).
49. (a) Show that for any a > 0 the function

Tu(2) =f r5-1e=1 gt

is analytic on the entire plane.
(b) Substitute

et=> (——1)"t—!

n

into the integral

1

J. - le~t dt
[}
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to obtain the formula

ro=3 0 ng

onlz+n)

Justify that substitution.

() If Rez>1, does lim T,(z) =T'(z) as a > 0?

(d) Use the result of part (b) to extend I" to a function analytic on
the entire plane, but for isolated singularities at 0, —1, —2, ....

(e) Calculate the residue of T' at those points.
50. Find the residue at the origin of

1
exp (z + —-)
z

51. Compute the Fourier transform of (1 4+ x?)~': find

ﬂa_zf Te®

(use Example 46).
52. Compute the Fourier transforms of these functions:
(@ a+x9H-t
®) A+x)@®+x)

© —5
{+ »)
(d COS x
) T

53. Suppose {f.} is a sequence of analytic functions in D, and lim f, =f
uniformly in D. Show that fis analytic.

54. Prove: If fis C'in D and LA fdz =0 for all disks A contained in D,
then fis analytic.

55. Morera’s theorem. Suppose f is a continuous complex-valued
function defined in D such that

frfdz=0

over every closed path T" in D. Then fis analytic. (Hint: Let F be a
potential function for fdz and show that F is complex differentiable.)

56. If f=u - iv is an analytic function in the domain D, then u is the
potential of a divergence-free velocity field. Show that the curves {v =
constant} are the path lines of the associated flow.
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57. Let f be analytic in the domain {0 < |z — zo| < R} f is said to be
meromorphic at z, if there is a function g analytic in a neighborhood of z,
such that f- g extends analytically across z,. Verify that these are equiva-
lent conditions for meromorphicity.

(a) the Laurent expansion (7.65) of f about z, has only finitely
many negative terms.
(b) there is an 7 such that (z — z,)"f extends analytically across z,.

58. Show that if f'is analytic in the domain D except for isolated singu-
larities at py, ..., ps, where it is meromorphic, then there is a polynomial
P such that f- P extends analytically to all of D.

59. If fis meromorphic at z,, is exp(f) also meromorphic there?

60. Schwarz’s lemma. Suppose that f is analytic on the disk {ze C:
|z| <1}, and

() max{|f@|: zl=1}=M

(i) f(0)=0

Show that for any z in that disk

1f(2) <M |z|

(Hint: Apply the maximum principle to z~f)
61. Under the same hypotheses as above show that

Lo <1

and if | f'(0)| =1, then f(z) = cz for some constant ¢ of modulus 1.
62. Let f be in S(R), and suppose that f(t) =0 for negative . Show
that

fo)= \%E f:f(t)e“’ dt

is an analytic function for z in the upper half plane. Notice that fuyy =
m)2L(f).

63. Suppose that f is analytic and dissipative in the upper half plane and
fis in S(R) on the real axis. Show that there is a function g € S(R) with
g(t) = 0 for negative f such that f(z) = §(z). (Hint:

Let

1 0
=5 ( [ foe-ss d,)

Then, by Fourier inversion, g and f are analytic in the upper half plane and
have the same values on the real axis. Verify that g(r) =0 for negative ¢
by Cauchy’s theorem.)
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